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§1 - THE DIMENSION FORMULA

1.1

Let A be a £ x m matrix and let B be an n X p matrix. Prove that the rule M ~~ AM B defines a
linear transformation from the space F™*™ of m x n matrices to the space F*P.

Solution.

Proof.
Let (M) = AM B and choose Mj, My € F™*™. Then

Y(My + Ma) = A(My + M2)B = [AMy + AM3|B = AM1B + AM>B = (M) + ¢ (Mz)

and for any c € F
Y(eMy) = A(cM1)B = ¢(AM,B) = cip(M)

Thus ) is a linear transformation. O

1.2

Let vy,...,v, be elements of a vector space V. Prove that the map ¢ : F" — V defined by
o(X) =vix1 + -+ + vpxy is a linear transformation.

Solution.

Proof.
Note that for any X,Y € F™

n n n
X+Y :ZUzX+Yz—ZUz $z+yz Zvixi‘i‘zviyi:(P(X)_'_(P(Y)
=1 =1 = =

and for any ¢ € F
o(cX) = Zvi[cX]i = Z%‘(C%) = chimi = cp(X)

Thus ¢ is a linear transformation. O




1.3

Let A be an m x n matrix. Use the dimension formula to prove that the space of solutions of the
linear system AX = 0 has dimension at least n — m.

Solution.

Proof.
Since the left-multiply map T4 : F™ — F™, X — AX is linear, by the dimension formula we
have that

dim(ker T4) + dim(im7Ty) = dim F" = n = dim(kerT4) = n — dim(im Ty)

and since im Ty C F™, we have dim(im T4) < dim(F"™) = m. Thus the dimension of the space
{X | AX = 0}, which is exactly dim(ker Ty), is

dim(kerTy) =n — dim(im7,) > n —m

1.4

Prove that every m x n matrix A of rank 1 has the form A = XY where X,Y are m- and
n-dimensional column vectors. How uniquely determined are these vectors?

Solution.

Proof.

Since A has rank 1, that means the span of the columns is the span of a single vector, say
X € F™. And since each column a; € F" of A is in the column space, there exists y1,...,yn € F
such that

A=Tlay ... ap) =X .. ynX]=X[y1 ... yo] = XY*

Note that the values y1, ..., y, are uniquely determined by X (by being a basis), but X is not
necessarily unique. Indeed, taking any other nonzero vector in span { X}, i.e. any ¢X for nonzero
c € F, note that

XY= (cX)(cY) = (ccHXY = XY' = A

so the decomposition is unique up to nonzero scalar multiples. O




1.5

(a) Let U and W be vector spaces over a field F'. Show that the two operations (u,w) + (uv/,w’) =
(u+ v, w+w) and c¢(u,w) = (cu, cw) on pairs of vectors make the product set U x W into a
vector space. It is called the product space.

(b) Let U and W be subspaces of a vector space V. Show that the map T : U x W — V defined by
T(u,w) = u+ w is a linear transformation.

(c) Express the dimension formula for 7" in terms of the dimensions of subspaces of V.

Solution.

(a) Proof.
Clearly U x W under addition forms an abelian group with identity (0,0) since U and W
are themselves vector spaces. Next note that

H(u,w) = (lu, lw) = (u, w)

and
afb(u, w)] = a(bu, bw) = (albul, a[bw]) = ([ablu, [ablw) = [ab](u, w)

Finally, for distributivity we have

[a+b](u, w) = ([a+b]u, [a+blw) = (au+bu, aw+bw) = (au, aw)+(bu, bw) = a(u, w)+b(u, w)

and
af(u, w) + (v, w')] = a(u + v, w +w'") = (afu + '], alw + w'))
= (au + au', aw + aw")
= (au, aw) + (av’, aw’)
= a(u,w) + a(u’,w)
Thus U x W with these operations satisfy the vector space axioms. O
(b) Proof.

For any (u1,w;), (ug, w2) € U x W we have

T((u1,wr) + (u2, w2)) = T(uy + ug, wy + ws)
= [u1 + ug] + [w1 + wo]
= [u1 + w1 + [ug + wo]
= T(uy,w1) + T (uz,ws)

and for any c € F
T(c(ur,w1)) = T(cu1, cwy) = cuy + cwy = c(ug +wiy) = eI (ug, wr)

Therefore T is linear. O




(c) By the dimension formula we have
dim(ker T') + dim(im 7") = dim(U x W)

First note that im7T ={u+w | u € Uyw € W} =U + W (see Section 3.6). Furthermore, if
ai,...,ax is a basis for U and by, ..., by is a basis for W, then for any (u,w) € U x W we
have the unique decomposition

(u,w) = (i uiai,ze:wibi> = zk:ui(ai,O) + zzzwi((),bi)
i=1 i=1 i=1 i=1
Hence {(a1,0),...,(ak,0),(0,b1),...,(0,br)} is a basis for U x W and so we have that
dim(U x W) = dim U + dim WW. Finally, note that
(u,w) ekerT = u+w=0 = u=—w = veW = uelUnNW
Thus we can define a map f:kerT — U NW by f(u,w) = u. This is a linear map as
F((u1,wr) + (ug, w2)) = f(ur + uz, w1 +wz) = ur +uz = f(ur,wr) + f(uz,ws)

and
fle(u,w)) = f(eu,cw) = cu = cf (u,w)

It is also injective since
flu,w) =0 = u=0 = 0=T(ww)=ut+w=0+w=w = (u,w) = (0,0)

and it is surjective since for any v € UNW, we have (v, —v) € ker T' and f(v, —v) = v. Thus f
is an isomorphism, ker 7" is isomorphic to UNW, and in particular dim(ker T') = dim(UNW).
Therefore the dimension formula says

dim(UNW) +dim(U + W) =dimU + dim W

[NB: This is exactly Prop 3.6.6(a).|




§2 - THE MATRIX OF A LINEAR TRANSFORMATION

2.1

Let A and B be 2 x 2 matrices. Determine the matrix of the operator T : M ~» AM B on the space
F2%2 of 2 x 2 matrices, with respect to the basis (e11, €12, €21, e22) of F2*2.

Solution.
We can compute the matrix product by hand:

AMB — [a11 alZ} [mn le] [bn b12]
la21  agz2| |m21 moz| |ba1 Do

_|aiimiy +aigmor  apymaz + agmaz| b1 bi2
|a21m11 + agemar  azimiz + agamaz| |bar b

_ | bi(arimar + a12mar) + ba1(a1imaz + a12ma2)  biz(aiimai + aiamer) + baz(a11miz + aiamas)
bi1(a21ma1 + azamoi) + b1 (a21maz + azamaz)  biz(azimir + azemai) + baa(azimaz + azamas)

[(bllall)mll + (b11a12)ma1 + (b21a11)mi2 + (b21a12)maz  (bizai1)miir + (bi2a12)ma1 + (b22a11)miz + (bzzalz)mn]
— L(biraz1)mii + (br1azz)mar + (b21a21)miz + (b21a22)mas  (bizaz1)mii + (bi2a2z)mar + (b2zaz1)miz + (b22az2)mas

. biiai1  bi2air biiaiz  bizaiz barai1  bagaiy baraia  bazaia
= mi1 b b ma1 b b mi2 b b mao b b
11021 bizaz; 11G22  bizaz: 21021  b22a21 21022 b22a2s]

Hence we can write in terms of our basis (e11, €12, €21, €22)

bj1a1;

bjrai; bjeay; bjoai;

) = || I = ern(bjias) + era(bjaa;) + e21(bjrag;) + exn(bjoag) e~ |77
( Zj) |:bj1a2i bj2a2i 11( 71 lz) 12( 72 11) 21( 51 21) 22( 72 2z) bjla%
bjz2a2;

Putting all these column vectors together then gives the matrix representation

birair borarn biiaiz borars

T s bizair  bappain bigaiz bpaiz| _ [anBt alZBt:|
bi1ao1 bgraor biiasy baraze a1 B! ag B!
bigaz1r booagr bizaze  basass




2.2

Let A be an n x n matrix, and let V denote the space of n-dimensional row vectors. What is the
matrix of the linear operator “right multiplication by A” with respect to the standard basis of V7

Solution.
If we write the standard basis of V as e, ..., el, then note that

et A = (Ale;)
and since A’e; is the ith column of A?, this means that e!A is the ith row of A and so
a1
efA = [ail e am] = aileﬁ + -+ amefl o~
Qin

with respect to the standard basis. Stacking these as columns gives the matrix representation of

T: X +— XA to be
ailr ... Qapi

Alp ... Qpn

2.3

Find all real 2 x 2 matrices that carry the line y = x to the line y = 3z.

Solution.
We first need to write the two lines as subspaces of R?. Indeed,

= = m - m :xm — {(x,y)eR2yy:x}:span{m}::A

and

Y S [ﬂ _ [33;] :x[;] — {(x,y)eRQyyzgx}:span{[ﬂ}:;B

Thus we need to find all linear transformations 7' : R?> — R? such that im(7|4) C B. Note
that any such map forces T'([1 1]*) to be an element of B. Hence if we let My be the matrix
representation of T with respect to the standard basis, we have

o] = e =[] e = eramsiors

Therefore the set of all possible matrices My is

e 4

c+d:3(a+b)}




2.4

Prove Theorem 4.2.10(b) using row and column operations.

Solution.

Proof.
Let A be an m x n matrix. We first row reduce A to A” via elementary row operations:

A" = By ... E1A

Now the number of pivot 1s is exactly the rank of A, so we can permute the columns of A” via
column operations to move all the pivots to the left and create A” in the form

I. | B
I Al _ r
VNS R EAT

Finally, we can use more column operations on A” to clear out the entries of the submatrix B
(e.g. to clear out the entry b;;, add —b;; times column ¢ of A” and add it to column r + j of A”).
Doing these operations will clear out B and create A’:

Y/ . I, | 0

Finally, s.etQ:El_l...Ek_1 and P = Fy ... F,,G1...G, and note
H 8} — A =A"G,y...Gy=A"Fy...FGy...Gyp = Ey...EyAF, ... FyGy...Gn = Q LAP

which is our desired decomposition. O

[NB: This exercise more precisely answers the question in Exercise 1.3.4]




2.5

Let A be an m x n matrix of rank r, let I be a set of r row indices such that the corresponding rows
of A are independent, and let J be a set of r column indices such that the corresponding columns of
A are independent. Let M denote the r X r submatrix of A obtained by taking rows from I and
columns from J. Prove that M is invertible.

Solution.

Proof.
Suppose that M is not invertible. In particular (e.g. by Thm 1.2.21), there exists a nonzero
r-dimensional vector X such that M X = 0. We now construct an n-dimension vector Y via:

Xj ifjed
Yi=qod
0 ifj¢J

Now note that if we choose an index ¢ € I, then

[AY]Z = ZCLUY}‘ =0+ Zainj = Zminj = []\4)(]Z =0 (*)
j=1 jeJ jeJ

However if we write A row-wise, then

—A— AY
—An,— ApY
Hence 0 = [AY]; = A;Y for all i € I, and since {4; | ¢ € I'} span the row-space (i.e. each Ay is

a linear combination of the A;,7 € I), we have that A;Y =0 for i = 1,...,m and thus AY = 0.
Now writing A column-wise,

0 Y; "

L =AY =[der ... Aey] | 1| =) (Ae))Y; =0+ (Aej)X;

0 Y, Jj=1 jeJ
And since } ;. ;(Ae;)X; is a linear combination of r linearly-independent columns of A, this
forces X; =0 for j = 1,...,r which contradicts X being nonzero. Therefore M is invertible.

[INB: Strictly speaking, (%) is false since the entry a;; is not necessarily the entry m;
forieI,j e J. Asimple fix is giveni € I,j € J, set 4,5 € {1,...,r} such that mg; = a;j. Then
(%) can be replaced with the corrected (albeit slightly more clunky)

n
[AY]; =) ayV; =04 ayX;=> mzX;=[MX];=0
7=1 JjEJ Jje€J
An even simpler fix is to just set m;; := a;; and only allowing access to an entry of X and M

via I and J, as this also fixes the same nitpick in our construction of Y. |
OJ




§3 - LINEAR OPERATORS

3.1

Determine the dimensions of the kernel and the image of the linear operator T" on the space R™
defined by T'(z1,...,7,)" = (21 + 2p, T2 + Tp_1,. .., Tpn + x1)".

Solution.
Note that by the dimension formula we have
dim(ker7') + dim(im 7") = dim(R") = n = dim(im7) = n — dim(ker 7"
So it suffices to calculate dim(ker T"). We have
X r1 1+ T
ckerT < 0=T : =
T In, Tp + 21
If n is even,
A [ 17 [0 7] [0 ]
€T 0 1 0
Tn =m0 : : : :
Tp-1= —x2 _ | Tn2 | _ 0 0 1
X eckerT <— — X = g =2 0 +x9 0 ++ T2 1
Tnj241 = —Tnj2 : : : :
—T 0 -1 0
L —x‘l h _—1_ L 0 i | O i
Thus
(17 [07] [0 7))
0 1 0
ker T = span 8 , 8 N _11
0 -1 0
L L—-1] [0 ] L 0 1)
and since these vectors are independent, they form a basis of ker " and so dim(kerT") = n/2
when n is even.

10




Now if n is odd,

Iy = —IT1
XeckerT < Inol = TR
L(nt1)/24+41 = —L(n-1)/2
Zn+1)2 =0
[ ] (1] (07 [0 ]
T2 0 1 0
L(n—1)/2 0 0 1
— X = 0 =z | 0| +22]|0 + T Zno1))2
—T(n1))2 0 0 il
— 29 0 -1 0
| - | —1] L 0 ] | 0
Thus
(T17 T[0T [0 T
0 1 0
0 0 1
ker T = span Of(,[O0],...,10
0 0 -1
0 -1 0
|—1] L O | | 0

and since these vectors are independent, they form a basis of ker T" and so dim(ker T') = (n—1)/2
when n is odd. In summary,

n/2 even n
(n+1)/2 oddn

n/2 even n

(n—1)/2 oddn WA = dim{mI)=n-in/2] = {

dim(ker T") = {

11




3.2

(a) Let A= [Z Z} be a real matrix, with ¢ not zero. Show that using conjugation by elementary

matrices, one can eliminate the “a” entry.

(b) Which matrices with ¢ = 0 are similar to a matrix in which the “a” entry is zero?

Solution.

(a) Proof.
We want to find an invertible matrix P such that

_ 0 ¥
P7lAP = [C, d,}

One idea is to try to eliminate a via an operation like adding —¢ times the second row to
the first row. In this case, we want P~! to be of the form

L1k 1 -k
F _[012>P_0 1

Then
145 |1 El]a b] |1 —k| J|a+kec b+kd| |1 —k
PAP_[OlchI_c d |lo 1
_la+ke —ka—K’c+b+kd
B © —kc+d
and indeed setting k = —2 (as ¢ # 0) will clear out the “a” entry. O

. bl . . . .
(b) We are now given the case A = [g d] is upper triangular. Note that if we want to eliminate

a via conjugation by elementary matrices, swapping and multiplying by scalars will not work
(swapping will simply transpose and multiplying will scale only the off-diagonal, neither of

L _k] will give

which affects a). Also from (a) any P of the form P = [0 1

PlAP =

a+kec —ka—k’c+b+kd]l [a —ka+b+kd
—ke+d 0 d

which fails as well. Hence our last option is an elementary matrix of the form

L 1o 1 0
# _[k 1]:>P__—k: 1}

and now

1 |1 Ofja b |1 0] |a b 1 0| |a—kb b
PAP_[k 1H0d k1T ke kb+d| |-k 17| ka Eb+d

Hence we can clear out a if and only if b # 0 (by setting k = £) or a = 0 originally (in which
case just take P = TI).

12



3.3

Let T : V — V be a linear operator on a vector space of dimension 2. Assume that T is not
multiplication by a scalar. Prove that there is a vector v in V such that (v,T'(v)) is a basis of V,
and describe the matrix T" with respect to that basis.

Solution.

Proof.

Suppose otherwise, i.e. for every vector v € V', T'(v) and v are not independent. This means for
every v € V, there exists a A € F' (assuming V is a vector space over F') such that T'(v) = Av.
In particular, we have Aq, Ao, p € F such that

(6t B R R ()

However by linearity we have

(=7 () = (Gl += (B = (o] o] = B = 2=

But now for any v = [v; v3]* € V, we have

7 (o)) = e (o)) +osr (3]) = 6] + 2 [2] = ] = )

and so T is multiplication by a scalar y, which is a contradiction. O

Now let v € V' be a vector such that (v, T(v)) is a basis of V. The matrix representation of T’
with respect to this basis can be found by computing

T(v)=0+1T(v) and T(T(v))=av+ BT (v)

. . . . .. 10
Hence the matrix representation with respect to this basis is [ 1 g] .

3.4

Let B be a complex n X n matrix. Prove or disprove: The linear operator T' on the space of all n x n
matrices defined by T(A) = AB — BA is singular.

Solution.
T is always singular, as T'(I) = B — B = 0 and so ker T" # {0}.

13



§4 - EIGENVECTORS

4.1

Let T be a linear operator on a vector space V, and let A be a scalar. The eigenspace V) is the set
of eigenvectors of T with eigenvalue X, together with 0. Prove that V) is a T-invariant subspace.

Solution.

Proof.
First note that VY = ker(T'— M) and so it is a subspace. Now choose v € VY. Then by
construction 7'(v) = Av. However, note that

T() = AT(v) = M) = T(v) € VO

Thus V™ is a T-invariant subspace. O

4.2

(a) Let T be a linear operator on a finite-dimensional vector space V, such that T2 is the identity
operator. Prove that for any vector v in V, v — T is either an eigenvector with eigenvalue
—1, or the zero vector. With notation as in FExercise 4.1, prove that V is the direct sum of the
eigenspaces V(1) and V(1.

(b) Generalize this method to prove that a linear operator T" such that T = I decomposes a complex
vector space into a sum of four eigenspaces.

Solution.

(a) First we prove that v — T'(v) € V=D,

Proof.
If v — T'(v) is not zero, then

T(v—Tw)) =Tw) —T*w) =T(v) —v=—1(v —T(v))
so it is an eigenvector with eigenvalue —1. O
Next we prove that V = V1 g v(=1),

Proof.
First note that
veVWNVED —= vy =TWw)=—v <= v=0

Thus VD NV (1 = {0} so it suffices to show that V = V1) + V(=D Indeed, for any v € V,
since v + T(v) € VD) by T(v 4+ T(v)) = T(v) + T?(v) = T'(v) + v, then

Tw) e VW, v —T@) e VY = v=1(0-T@®)) + (v +T()) e VD 4+ v

Therefore V =V® @ V=1 by Prop 3.6.6(c). O

14



(b) Proof.

Note that for any v € V,

T(v+T(v) + T2

T(v—T(v) +T?
T(v —iT(v) — T?(v
T+ T (v) —

S

and that

v+ T() + T2 (v) + T3(v)]
L ) ST )

+ 7 [v—zT( ) — T?(v) +iT3(v)]
-+ = [U+ZT( ) — T?(v) — iT3(v)]
:i@+v+v+d

+ LT (v) = T(v) = iT(v) +iT(v)]

+ 172 (v) + TW) — T?(v) — T?(v)]

+ 3 [T°(v) = T2 (v) +iT%(v) — iT>(v)]

=
Thus V =V® + VD 4 v® 4 V(=) By Exercise 3.5.3, it suffices to show that
v AvED = g0}, (VO +vED) N VE = {0}, and (VO + VED L vEO)nvED = {0}
Indeed,
eV Ay e v=TWw)=-v = 2v=0 = v=0

So VD, V(=1 are independent.
Ifve (V(l) + V(_l)) N V(i), then there exists vy € V(l),vg e VD guch that v = vy + v9
and so

w=Tw)=T(v14+v2) =v1—vy = i(vi+v2)—(v1—v2) =0 = (i—1)v1+(i+1)vo =0

which by independence of V) and V(1 forces v; = vy = 0, and hence v = 0 and
v v v are independent.
Similarly, if v € (V) 4+VED V)NV (=D | then there exists v; € VI vy € VED 03 € VO
such that v = v; + v9 + v3 and so

—iw=T(v) =T(v1 +va+v3) =v1 — vy + vy = —i(v] +v2+v3) =v] — vy + iv3
= (—i—1Duv + (=i 4+ 1)ve + (—2i)v3 =0

which by independence of v yvED v forces v; = vy = vg = 0, and hence v = 0.
Therefore by Exercise 3.5.3 V =VW g VD g v® g v (=9, O

15




4.3

Let T be a linear operator on a vector space V. Prove that if W7 and W5 are T-invariant subspaces
of V', then Wy + Wy and W1 N Wy are T-invariant.

Solution.

Proof.
(i) Choose wy + wy € W1 + Wy, Then T'(wy) € Wp and T'(wy) € Wa, thus

T(w1 + w2) = T(wl) + T(wg) e W1+ W,y

Therefore Wy + W5 is T-invariant.
(ii) Choose w € W1 N Wa. Then

weW, = T(w) e W,
’LUEWQ :>T(w)€W2

Thus T'(w) € W1 N Wy and therefore Wy N Wy is T-invariant. O

4.4

A 2 x 2 matrix A has an eigenvector v; = (1, 1) with eigenvalue 2 and also an eigenvector vy = (1,2)?
with eigenvalue 3. Determine A.

Solution.  We are given that

2

1 3
2:| and A112:3U2 = A |:2:| = |::|

A1)1:2211 — A|:i:|:|:

We can find the columns of A by computing Ae; and Aes:

Al] = (E] - ) == =20 =2 ] <[] - ]

Therefore

16




4.5

Find all invariant subspaces of the real linear operator whose matrix is

1
OIEHERCI
3
Solution.
11 1 0 0
DenoteA:[O 1] and B=10 2 0
0 0 3

(a) We proceed by dimension:

e Dimension 0: Only {0}.

e Dimension 1: We need to find a nonzero vector v such that for every kv € span {v}, we
have A(kv) = kAv € span{v}. Another way to word this is that v is an eigenvector of A.

Note that
A=1
ey ey L o L ]
0 1f v V2 AUy vy =0
Hence span {[1 O]t} is the only A-invariant subspace of dimension 1.

e Dimension 2: Only R2.

17




(b) Again we proceed by dimension:
e Dimension 0: Only {0}.

e Dimension 1: As in (a), it is only the span of a single eigenvector. B has eigenvalues
of 1,2,3 with eigenvectors eq, es, es respectively. Hence the B-invariant subspaces are

span {e1} , span {ez} , span {es}.

e Dimension 2: The span of any two eigenvectors will work. More generally, if vy, ..., v are
eigenvectors of T with eigenvalues A1, ..., A, then
k k k
T (Z aivi> = ZaiT(vi) = Z(ai)\i)vi € span{vy,..., v}
i=1 i=1 i=1
so span{vi,...,vx} is a T-invariant subspace of dimension k. Hence we have the B-

invariant subspaces: span{ej,es},span{es, es},span{ej,es}.

To show that these are the only ones, let W be a 2-dimensional B-invariant subspace. Note
that we can restrict our original linear operator T to T'|y : W — W, which will have the
same matrix representation B with respect to the standard basis. In particular, B being a
positive matrix means that 7’|y has a real eigenvalue A, so there exists w € W such that
Bw = Aw. But since B is the matrix representation of 7', w must also be an eigenvector
of T and so A € {1,2,3} and w is a scalar multiple of ej, es, e3. Suppose that w = kej.
Then we have e; € W. Choose w’ € W not in the span of ej, i.e. W = span {ej,w’}. If
we write w’ = aeq + bes + ces, note that

Bw' = ae; + 2bes + 3ces
But by B-invariance we have Bw € W = span {e1, w'} so there exists «, 8 such that
Bw' = aey + Bw’ = aey + B(aeq + bes + ce3) = (o + Bb)ey + Bbes + Bees

Hence we have system

= b
i {ﬂszsz
e

2b = S3b
B=3o0rc=0
3c = fc

Since B cannot be both 2 and 3, we have b = 0 or ¢ = 0. Furthermore, we cannot
have b = ¢ = 0 since otherwise w’ = ae; € span {e;} which contradicts our choice of w'.
Hence exactly one of b, ¢ is zero and thus w’ € span{ej,es} or w' € span{ej,e3} and
W = span{ej,ea} or W = span{ej, es}. The other cases of w = kes and w = kes give
similar results, therefore we have W = span {e;, e;} for i # j.

e Dimension 3: Only R3.
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4.6

Let P be the real vector space of polynomials p(x) = ag + a1z + - - - + a,z™ of degree at most n, and
let D denote the derivative %, considered as a linear operator on P.

(a) Prove that D is a nilpotent operator, meaning that D* = 0 for sufficiently large k.
(b) Find the matrix of D with respect to a convenient basis.

(¢) Determine all D-invariant subspaces of P.

Solution.
(a) Proof.
m+1
From the power rule (<& (z¥) = kz*~1) we have that W(xk) =0 for all 0 < k < n. Hence

for any p(z) € P,
Dn+1(p($)) _ D”+1(ao—|—a1$+' . -—l—CLniL‘n) = aODn+1(1)—|—a1Dn+1(l’)+' . .+anDn+1(lﬂ) =0

Therefore D"t = 0 and D is nilpotent. O
(b) If we use the basis
1,z,2%,... 2" (%)
Then we have correspondence
ao
ai

ao+ a1z + - -+ apx” e

aTL
and applying D to each basis vector gives
[07] 1] 0] 07
D1)=0ew |i|, D@@)=1ew |1|, D@a®)=2zew |1]|, ..., Da") =na""ew |
0. 10, 0] 0]

Hence the matrix associated to D with respect to basis (%) is

0 1 0 ... 0
002 ...0
000 ...n
000 ... 0]

(c) Since taking the derivative of a degree-k polynomial gives one of degree (k — 1), any D-
invariant subspace with a polynomial p must include all polynomials of degrees less than the
degree of p. Hence for k=n,...,0,—1

W is a D-invariant subspace of P <= W = {p(x) € P | deg(p) < k} =: P
where P_; = {0} and P, = P.
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4.7

Let A = ch Z be a real 2 x 2 matrix. The condition that a column vector X be an eigenvector for

left multiplication by A is that AX =Y be a scalar multiple of X, which means that the slopes
s =wmy/x1 and s = y/y1 are equal.

(a) Find the equation in s that expresses this equality.

(b) Suppose that the entries of A are positive real numbers. Prove that there is an eigenvector in
the first quadrant and also one in the second quadrant.

Solution.

(a) We can compute
Ax - |@ b| |z1| _ |az1 + bxo
e d| |z2|  |ex1 + dao

, cr1 +dry X9
s'=s —_— ==

Hence

ari +bry  x
If we substitute x5 = x1s into the RHS we get
_my  cxy+drs  wzi(c+ds)  c+ds

S T (1,,’[,'1—|—b$18 xl(a‘i‘bS) a + bs c+das s(a—|— S) as + bs

which rearranges to the quadratic bs? + (a — d)s — ¢ = 0 and is our desired equation in s.

(b) Proof.
From (a), finding an eigenvector X amounts to finding an s = x9/x; such that the quadratic
f(s) = bs? + (a — d)s — c has a root. Since we can scale the eigenvector by any scalar, we
can simply set 1 = 1 to begin with and thus s = x5 is the only value we vary. Furthermore,
we are given that a, b, c,d > 0, so

c>0 = f(0)=—-c<0
b>0 = f(s) = +ooas s = +00
b>0 = f(s) = 400 ass— —o0

Since f(s) is continuous, by the intermediate value theorem there must exist £; > 0 and
to < 0 such that f(t1) = f(t2) = 0. But now [1 #1]" and [1 t5]* are eigenvectors in the first
and second quadrant respectively. ]
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4.8

Let T be a linear operator on a finite-dimensional vector space for which every nonzero vector is an
eigenvector. Prove that T' is multiplication by a scalar.

Solution.

Proof.
Let V be a n-dimensional vector space over F' with basis vy,...,v, and T : V — V a linear
operator. Now by assumption there exists Ay, ..., A\, i € F' such that

T(v1) = \v1, .., T(vn) = Avn, and T(vi+ -+ vy) = p(vr + -+ vy)
But by linearity

plor+ - Fvp)=T(vi+ - Fvp) =T(v1) +- -+ T(vp) = Av1 + -+ Apvp

Hence
(5= MJon + -+ (5= Ao =0
and the independence of vq,...,v, forces u = \; for ¢ = 1,...,n. Now for any v € V, there
exists a7, ..., ay, such that
n n n
v= Z av; = T(v (Z azv@> = Z%T(Ui) = Zai,u,vi = ,uZawi = v

i=1 i=1 i=1 i=1

Hence T' is simply multiplication by the scalar pu. O
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§5 - THE CHARACTERISTIC POLYNOMIAL

5.1

Compute the characteristic polynomials and the complex eigenvalues and eigenvectors of

Ol A N A G i

Solution.
(a) We have characteristic polynomial

taE2 =%

p(t) = det(tI — A) = det [ 9 4+_3

]—(t2—t—6)—|—4—t2—t—2—(t—2)(t+1)

Thus we have eigenvalues A\; = 2, Ay = —1. To find eigenvectors, we have the system
_ — 201 = —2 2
9 [:cl} [ 2 2] [:cl} _ [ 221 —|—2x2] . 451 Ty + 222 3y — 22,
) —2 3| [x9 —2x1 + 31'3 29 = —2x1 + 329

1
Hence 2] is an eigenvector with eigenvalue 2. Similarly

_331} [—2 2] [xl} [—2x1 + 2x2] —x1 = —2x1 + 222 1
€2 —2z1 + 373 —To = —2x1 + 319

2| . . 1
Hence 1] is an eigenvector with eigenvalue —1.

(b) We have characteristic polynomial

t=1 =4

p(t) = det(t] — B) = det [ P9

]:(t2—2t+1)—1:t(t—2)

Thus we have eigenvalues A\ = 0, Ay = 2. To find eigenvectors, we have the system
. . 0= :
. {xl} _ [ 1. 1 [wl] _ [ 1 + iz ] . x1.+ iz s =iy
To —1 1| |x2 —1T1 + T2 0= —iz1 + 22
1] . . : . o
Hence [z] is an eigenvector with eigenvalue 0. Similarly
1 . oy — .
9 [xl] _ [ . z] [:cl] _ [ x.l + 129 ] N Tl = T1 + 122 .
T2 =t 1| |22 —1iT1 + X2 2x9 = —ix1 + T3

1. : o
Hence [_J is an eigenvector with eigenvalue 2.
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(c) We have characteristic polynomial

—cosf sin 6

t
p(t) = det(tI — C) = det e

(t? — 2t cos O + cos? 0) 4+ sin? 0 = t2 — (2cos O)t + 1

and the quadratic formula gives eigenvalues

2cosf £ v/4cos20 —4
A= cos V;Tzcoseié\/m:coseiisine

To find eigenvectors, we have the system

ml} _ [cos@ —sinﬂ {xl] _ [xl cos — xosinf

(cosf + isinf) [552 sinf  cosf | |zo 21sinf + x5 cosf

— I9 = —iT]

z1cosf + x1isinf = x1 cos — xosin
Lo cos bl + xoisinf = x1sinf + x9 cos

1 . o
Hence [_J is an eigenvector with eigenvalue cos @ + isin . Similarly

(cosf —isin@) [xl] = [COSG —Sinﬁ] [ml} — [“Tl cos ) — xosin 0

To sinf cos@ | |xzo x1sin 6 + x9 cos b

21 co80 — x1isinf = x1 cosf — xosin b )
— T9 = 121

Tocos bl — x9isinf = x1sinb + x9 cosb

1] . . : : .
Hence [z] is an eigenvector with eigenvalue cosf — sin 6.
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5.2

The characteristic polynomial of the matrix below is 3 — 4t — 1. Determine the missing entries.

01 2
1 10
1 x %
Solution.
If we write our matrix as
01 2
A=1]1 1 0
1 =z y
We get characteristic polynomial
t -1 -2
p(t) =det(tl —A)=det |—-1 t—1 0
-1 -z t—y

=-2z+t-1)+({t—-y)(t*-t-1)
=B34 (—1—y)2+(-3+y)t+(2-22+7y)

So for it to equal 3 — 4t — 1, we need —1 —y =0 = y = —1 and
—1=2-2z4+y=1-22 — z=1
Thus the missing entries are x = 1 and y = —1.

Another quicker approach follows when one can note from the characteristic polyno-
mial that the trace of A must be zero, hence y = —1 follows immediately. The characteristic
polynomial also says that det A = 1, and with y = —1 we have det A = 2x — 1 and thus = = 1.
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5.3

What complex numbers might be eigenvalues of a linear operator such that
(a) T" =1, (b)T?—5T+6I=0?

Solution.
First note for any linear operator T, if v is an eigenvector with eigenvalue A, then

TE(w) = T 0w) = TF2(A20) = .- = Mo
Thus for any “polynomial” linear operator a, 7" + - -- + a1T + agl, we have
(an T+ -+ a1 T + apl)(v) = a, T" (V) + - - + a1 T(v) + apl (v) = (ap A" + -+ - + a1 X + ap)v
With this fact we can now answer the exercise.
(a) If T" = I for some r, then any eigenvector v with eigenvalue A\ will have
v=IW)=T"(v)=\Nv = N =1

Thus any eigenvalue A is an r-th root of unity (assuming r is the smallest such value where
T =1).

(b) If T? — 5T + 61 = 0, then any eigenvector v with eigenvalue A will have
0=(T?-5T+6I)(v) =N —5A+6)v = 0=X2-BX+6=(A-3)(A—2)

Thus any eigenvalue is either A = 3 or A = 2.
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5.4

Find a recursive relation for the characteristic polynomial of the k x k matrix

[0 1

1 01

1
1
10

and compute the polynomial for k£ < 5.

Solution.
Denote Ay to be the k x k matrix above and pg(t) its characteristic polynomial. Then

t -1
-1 t -1
pr(t) = det(tI — Ay) = det -t Al
. -1
L _1 t_
t -1 -1
-1 t -1 -1 t -1
= tdet +1 det + 0+
—1 .o —1
-1 t -1 t
tI—TArk_l
t —1
:tpkfl(t)-l-l —1det |’ ' ’ 1 +0+...
-1 ¢
tI—Ap_o

= tpr_1(t) — pr—a(t)

where we expanded along the first column in the first determinant computation and then
expanded along the first row in the second determinant computation. Thus we have

o pi(t) =det [t] =t

o po(t) = det [_tl _tl} =$2—1

o p3(t) =tpa(t) —p1(t) =t(t? —1) —t =13 — 2t

o pu(t) = tps3(t) —po(t) =t(t3 —2t) — (2 - 1) =t - 3t2 + 1

o p5(t) = tpa(t) — ps(t) = t(t* —3t2 + 1) — (3 — 2t) = > — 4¢3 + 3t
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5.5

Which real 2 x 2 matrices have real eigenvalues? Prove that the eigenvalues are real if the off-diagonal
entries have the same sign.

Solution.

Let A= CCL Z} be a real 2 x 2 matrix. Then it has characteristic polynomial

p(t) = det(tI — A) = det [t—a _b} = (t—a)(t—d) —bc=1t>— (a+ d)t + (ad — bc)

—c t—d

The roots of this quadratic are the eigenvalues of A, so we get real eigenvalues A1, Ao if and only
if the discriminant of p(t) is > 0, i.e.

M, A €ER < (a+d)?—4(ad—bc) >0

> (a® +2ad + d*) — 4ad + 4bc > 0
— (a® —2ad + d*) + 4bc > 0
= (

a— d) > —4bc
Thus the set of all matrices with real eigenvalues is
a b
c d
In particular, if the off-diagonal entries of A have the same sign, then bc > 0 = —4bc < 0 and
(a — d)? is always nonnegative, hence

(a—d)*> —460}

(a—d)? > 0> —4bc

and A has real eigenvalues.

27



5.6

Let V be a vector space with basis (vg, ..., v,) and let ag, ..., a, be scalars. Define a linear operator
T on V by the rules T'(v;) = viy1 if i < n and T'(v,) = agvg + a1v1 + -+ - + apvy,. Determine the
matrix of T" with respect to the given basis, and the characteristic polynomial of T

Solution.
Let A be the matrix representation of 1" with respect to v1,...,v,. Then applying T to each
basis vector gives

(0] [0 [0]
1 0 0
T(vo) = v1 & |0, T(v1) =va e |1], ..., T(ono1) = vy o |0
0] 10} L1
and finally
a0
ay
T(vn) = aguo + @101 + - - - + G e | 32
an,

Thus stacking these as columns of A gives

0 0 ... 0 ao
10 ... 0 a
A= 1 0 an
0 0 ... 1 an]

We then have characteristic polynomial (via expanding across the first row)

[t 0O ... O 0 —ag
-1 ¢t ... 0 0 —ay
p(t) = det(t — A) =det | © ~L 0 0 e
0 0 -1 t —ap_q
L0 0 0 -1 —ay |
[t 0 0 —a ] [—1 ¢ 0 0]
-1 . 0 0 —ay 0 -1 0 0
=tdet | - . . . : + (—=1)""taq det
0 ... =1 t —an_ 0 0 ... -1 ¢
0 ... 0 -1 —a, | 0 0 0 -1
=:tp1(t) + (—1)"ag(~1)"
= tpl(t) — agp
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where p;(t) is the characteristic polynomial of our original problem but on the vector space
V' = span {v;, Vi1, ..., v, } and scalars a;, a; 41, . . ., . In this case the above shows the recursive
relation p;(t) = tp;41(t) — a;. Thus if we start from i = n, we can work back down to our desired

p(t) = po(t) via
pn(t) = det[t —ay] =t —ay
pnfl(t) = tpn(t) —an—-1 = t(t - an) —anpn—-1 = t2 — apt — ap—1

pn—?(t) = tpn—l(t) — Qp—2 = t(t2 —apt — an—l) — Qp—2 = % — ant2 — Qp—1t — Gp—2

p(t) = po(t) =" —apt™ — a1 t" = —agt — ag
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5.7

Do A and A? have the same eigenvectors? the same eigenvalues?

Solution.

They do not (in general) have the same eigenvectors, e.g. from Exercise 5.1 [:g g] has

eigenvector [1 2]' with eigenvalue 2 but

-0 516 -0

so [1 2]! is not an eigenvector of A'. However, we claim that A and A’ do share eigenvalues.

Proof.
Let A be an eigenvalue of A. Then in particular p(A) = 0 for the characteristic polynomial of A,
i.e. det(A — A) = 0. But det(B) = det(B?) (from Corollary 1.4.15(b)) implies that

0 = det(A] — A) = det((\ — A)!) = det((\I)! — A?) = det(\] — AY)

Hence ) is an eigenvalue of A’. The same argument shows that any eigenvalue of A’ is an
eigenvalue of A, therefore the two matrices have the same eigenvalues. O
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5.8

Let A = (ai;) be a 3 x 3 matrix. Prove that the coefficient of ¢ in the characteristic polynomial is
the sum of the symmetric 2 X 2 minors

det ail a2 + det a11 a3 + det a2 Aa23
as; a2 as; ass asz2 ass

Solution.

Proof.

Write
ail al2 ais

A= |az1 a2 a3
a3; a32 ass

Then we have characteristic polynomial

t—ann  —an2 —ai3
det(tI — A) =det | —ag1 t—ag —ags
—as1 —azz t—ass

t—aze —ass ]

= (t — a11) det
( 1) [—a32 t—ass

—aip  —ai3 }

+ a91 det
—azz t—as3

—a —a
_ agy det 12 13
t—age —ag3

= (t — a11)[(t — a22)(t — as3) — az3azs2]
+ ag1[—a12(t — az3) — aizass]
— az1[a12a23 + a13(t — as2)]
= [t* — (a11 + az2 + ass)t® + (axass — aszass + ar1az: + ariass)t + kil
+ [—ai2az21t + ko
+ [—ai3az1t + k3]
= — (tr At + [a22a33 — agsasze + ai1a22 + a11ass — ajeas — aizasi]t + det A

And indeed the coefficient of the ¢ term is equal to

(a11a22 — a12a21) + (aeass — azzasz)+(ai1as3 — aizasy)

a a a a a a
— det 11 12 1 det 11 13 + det 22 23
a1 a2 as]  ass a3z2 as3
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5.9

Consider the linear operator of left multiplication by an m x m matrix A on the space F™*™ of all
m X m matrices. Determine the trace and determinant of this operator.

Solution.
Denote this operator Ly : X — AX. First note that if v € F™ is an eigenvector of A with

eigenvalue A, then for any w € F™ we have
La(vw') = A(vw') = (Av)w' = (w)w' = A(vw?)

Also note that we can construct m linearly independent matrices starting from v, e.g. vel, ..., vel,.
Hence for every eigenvalue A of A, we get m linearly independent matrices with that eigenvalue
(not counting multiplicity). Therefore

tr(A) = Z A = tr(Ly) = Z mA = mtr(A)

A\ eigenvalue A eigenvalue
and
det(A)= [ A= det(Za)= [ A" =(detA)™
A eigenvalue )\ eigenvalue
5.10

Let A and B be n x n matrices. Determine the trace and the determinant of the operator on the
space F"*" defined by M ~~ AMB.

Solution.
Denote this operator T : M +— AM B. Like in Exercise 5.9, note that if v is an eigenvector of A
with eigenvalue A and w is an eigenvector of B! with eigenvalue p, then

T(vw') = A(vw®) B = (Av)(w'B) = (Av)(B'w)" = (W) (pw)’ = (Ap)vw’

Therefore we have (not counting multiplicity)

()= > Yoo = > > u|=@A)&B)

A eigenvalue A p eigenvalue B A eigenvalue A p© eigenvalue B
and
det(T) = ] I = I IT #"] = (det A)"(det B)"
A eigenvalue A p eigenvalue B A eigenvalue A 1 eigenvalue B
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§6 - TRIANGULAR AND DIAGONAL FORMS

6.1

Let A be an n x n matrix whose characteristic polynomial factors into linear factors:
p(t) =(t—A1)...(t —Ap). Prove that tr A = A\; 4+ --- 4+ A\, that det A = A1 ... A\,

Solution.

Proof.
By Corollary 4.6.4(b), there is a matrix P € GL,(F) such that B := P~1AP is upper triangular.
By Prop 4.5.11, the characteristic polynomial of B is the same as A, i.e. p(t), and by Corollary
4.5.9 the eigenvalues of B are the roots of p(t), thus B has eigenvalues A,...,\,. Now since
B is upper triangular, its eigenvalues must be its diagonal entries by Prop 4.5.10 and so by
definition

trB=A +-+ Ay

However (e.g. from Exercise 1.M.3) we have
trA:tr(PilAP) =trB=MA+ -+,

Furthermore, the determinant of an upper triangular matrix is the product of the diagonal
entries (e.g. from Exercise 1.4.6) and so det B = A; ...\, and again

det A =det(P 'AP) =det B=\;... )\,
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6.2

Suppose that a complex n x n matrix A has distinct eigenvalues A1 ... \,, and let vy, ..

eigenvectors with these eigenvalues.
(a) Show that every eigenvector is a multiple of one of the vectors v;.

(b) Show how one can recover the matrix from the eigenvalues and eigenvectors.

., U be

(a)

Solution.

Proof.

Let w be an eigenvector of A, say Aw = pw for some o € C. By Prop 4.5.14, A has at most
n eigenvalues so by distinctness we have p = A; for some 1 < i < n. Note that by Prop 4.6.5
we have that vy, ..., v, forms a basis of C", thus there exists unique a,...,a, € C such
that w =) ajv;. Thus

n

pw = f Zajvj = Z(Maj)vj (1)
j=1

J=1

However as p is an eigenvalue, we also have

pw =Aw =AY o5u; | =D a;(Avy) =) ay(M\y) =D (Ajay)v; (%)
j=1 j=1 j=1

=1

Hence from (f) and () we get

n n n
0=pw—pw= Z(,uaj)vj = Z(/\jaj)vj = Z(u — Aj)oyvj
j=1 j=1 j=1
Now by linear independence this forces (u — Aj)a; =0 for all j = 1,...,n. However since

p = A, by distinctness we have (u — ;) # 0 for all j # ¢ and so a; = 0 for j # i. Therefore

w=o1v1+ - Fovi+--F+apv, =04+ + -+ 0=y

and w is a multiple of v;. O
Proof.

It suffices to recover the jth column of A, i.e. calculate Ae;. Note that by Prop 4.6.5 we
have that v1,..., v, forms a basis of C", thus there exists unique a1, ..., a, € C such that

ej = > o;v;. Then

Aej= A (Z aivi> = ai(Av) =D ai(Avs) = > _(aidi)vs
=1 =1

i=1 =1

which are all known scalars and vectors. O
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6.3

Let T be a linear operator that has two linearly independent eigenvectors with the same eigenvalue
A. Prove that A is a multiple root of the characteristic polynomial of 7.

Solution.

Proof.
Let v, w be linearly independent vectors such that 7'(v) = Av and T'(w) = Aw. Extend v, w to a
basis v, w, by, ..., b, and let A be the matrix of T with respect to this basis. Then it will have

the form
0
o

0B

where B is a n x n matrix. Now by definition the characteristic polynomial p(t) of T is

t—XA 0
. 0

t— A

A
0
A:

p(t) = det(t] — A) = det
O t.[n - B |
t—A 0 ]

0 |tl, — B |

= (t — X\)?det(tI, — B)

Therefore A is a multiple root of p(t). O
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6.4

Let A= [? ﬂ . Find a matrix P such that P~'AP is diagonal, and find a formula for the matrix
A3,
Solution.

We first find an eigenbasis. The eigenvalues of A are 3 and 1, which have corresponding
eigenvectors v = [1 1] and w = [1 — 1]*. Hence our basechange matrix is

11 4 11 -1
P‘L —1} and B = 2[—1 1}

and indeed
1[-1 =1][2 111 1 1[-3 =311 1 30
71 _ = _ = _
s 2[—1 1“1 2} L —1}_ 2[—1 1“1 —1]_[0 1]

is diagonal. Now (P~1AP)3 = P71 A30P means

r 30
11 1][3 o] [-1 -1
30 _ =i 30p—-1 _
AT = P(PAP)TPT = 2 |1 —1] [0 1] [—1 1]
o130 o) [-1 -1
- 21 -1] |0 1]|-1 1
111 -
To23% -1 -1 1
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6.5
In each case, find a complex matrix P such that P~'AP is diagonal.
. 00 .
1 4 cosf —sin 9}

(a) [_Z. J, (b) (1) (1) é (©) [sin@ cos 6

Solution.

(a) We have eigenvalues 0 and 2 with eigenvectors [1 i]* and [1I — i]* respectively (see Exercise
5.1(b)). These vectors give an eigenbasis with basechange matrix

and indeed

., 00
riar=0

(b) Note that the characteristic polynomial of the matrix is p(t) = > — 1, so our eigenvalues are
the cube roots of unity, i.e.

2 ] - 4 ) g
)\1:1, )\QZGW/?’Z:—%—F%Z, )\3:e7r/3z:_%_ I’L

These have corresponding eigenvectors

1 1 1
v = [1]|, va= [A3|, v3=|A2
1 A9 A3

This gives an eigenbasis with basechange matrix

1 1
P=11 X3 X
1 X2 A3

(c) We have eigenvalues cos 6 + isin and cos@ — isin @ with eigenvectors [1 —i|* and [1 4]’

respectively (see Exercise 5.1(c)). These vectors give an eigenbasis with basechange matrix
11 IR B s R
P_[—i z] and P _21[1 1]_2[1 —z}

cosf + isin 6 0 ]

and indeed

-1 .
FAE = [ 0 cos@ —isind
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6.6

Suppose that A is diagonalizable. Can the diagonalization be done with a matrix P in the special
linear group?

Solution.
We claim yes.

Proof.
By assumption there exists an invertible n x n matrix P such that P~' AP is diagonal. Now set
1

= P
@ Vdet P

First note that @ € SL,(C) as

det Q = det( leetPP) = ( ,\L/dletp)”-detP: ﬁ -detP =1

Also, we have Q1 = (V/det P)P~! since

<\”/dtﬁp> ((VaetP)P~) = :ﬁ”j:izippl —

Finally,
1 vdet P
1AQ = ((Vdet P)P71) 4 ( P> = P lAp =p7lAP
@ @ <( ) ) vdet P Vdet P
which is diagonal. O
6.7

Prove that if A and B are n x n matrices and A is nonsingular, then AB is similar to BA.

Solution.

Proof.
A1(AB)A = BA
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6.8

A linear operator T is nilpotent if some positive power T* is zero. Prove that T is nilpotent if and
only if there is a basis of V' such that the matrix of T" is upper triangular, with diagonal entries zero.

Solution.

Proof.
— : Suppose that T is nilpotent, i.e. T* is zero for k > 0.
First note that T is not invertible since for any matrix representation A, we have

0 = det(A*) = (det A)*

and so det A = 0. By rank-nullity, if dim V' = n, then we have dimker 7" > 0 and dimim T < n.
We now induct on n.

Base Case: n = 1: Then we have T is just multiplication by a scalar, which must be zero as it is
nilpotent, i.e. K = 1. Then any matrix representation of T is just zero.

IH: Assume the result holds for any dimension less than n. If we set W :=im T, then from the
reasoning above we have that m := dim W < n. Furthermore, note that for any v € W C V| we
clearly have T'(v) € W and so W is T-invariant. Thus the restriction T'|yy is a linear operator,
and it is nilpotent as (T'|y)* is zero. Therefore the IH applies and we have a basis by, .. ., by, of
W such that the matrix of T'|yy is strictly upper triangular, i.e.

T(b1) =0 and T(b;) € span{by,...,bi_1} fori=2,...,m

Now extend this to a basis by, ..., bn, bynt1,...,bn of V. Indeed, now note for j =m+1,...,n
we have

T(bj) € imT =W =span{bi,...,by} Cspan{bi,... ,by,...,bj—1}

Therefore the matrix with respect to b1, ..., by, is strictly upper triangular.

<= : Suppose that by,...,b, is a basis of V such that the matrix with respect to this
basis is strictly upper triangular. We claim that 7™ is zero.

Set Wy := {0} and W; :=span{by,...,b;} for i = 1,...,n. Then note that since the matrix is
strictly upper triangular,

T(b1) =0 and T(b;) € span{by,...,b;_1} =W; 1fori=2,...,n
Thus we have T'(W;) C W;_1, which after repeatedly applying 1" gives the chain
T™(Wy,) C T" Y (Wno1) C -+ C T(Wh) € Wo = {0}

But W,, = span{bi,...,b,} =V and so T (V) C {0} implies T"(v) = 0 for every v € V, i.e.
T™ is zero and therefore T is nilpotent. ]
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6.9

Find all real 2 x 2 matrices such that A2 = I, and describe geometrically the way they operate by
left multiplication on R2.

Solution.
First note that A% = I implies that det A = +1. Also, we must have A~! = 4 and so

4o [a b] :il[d b}
c d —c a
If det A = 1, then this forcesb=c=0anda=d=1,ie. A=1,ora=d=—-1,1ie. A=—1I.
If det A = —1, this forces d = —a and be = 1 — a?. Therefore

el g =} 2o

Geometrically, I is the identity transformation and —1I is a rotation of 180 degrees.

We claim all other involutory matrices represent a reflection. Given A, note that det A = —1 and
tr A = 0 forces its characteristic polynomial to be p(t) = t?> — 1, hence A has eigenvalues 1, —1.
If v; has eigenvalue 1 and vy has eigenvalue —1, then for any vector av; + bvy € R?, we have

A(avy + bug) = aA(v1) + bA(v2) = avy — buy

Hence the line span {v;} is our line of reflection.
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6.10

A 0

0 D]' Prove that M is diagonalizable

Let M be a matrix made up of two diagonal blocks: M = [
if and only if A and D are diagonalizable.

Solution.

Proof.

= : Suppose that M (acting on the vector space V) is diagonalizable. Then by Prop 4.4.8(b)
there is a basis of eigenvectors vy, ..., Un, Untiy .-, Untm € V (where Aisnxn and D is m x m).

Note that if we write these eigenvectors in block form, i.e.

M
v; =
Yi
Xizi| (A O x| _ |Aa;
Avp = Mv; = |:)\iyz} B [0 D} [yl] - [Dbi]

S0 x; is either zero or an eigenvector of A, and y; is either zero or an eigenvector of D. If A acts
on vectors in W, then we can define the projection map via

Then

T V->W Vi — T;

and extending linearly. This map is surjective (since for any w € W, we have [w 0]* € V a linear
combination of the v;’s) and so the spanning vy, ..., Uy, must map to a spanning set of W.
Thus we have W = span {1, ..., Zptm}. Now removing all zero vectors and linearly dependent
vectors will form an eigenbasis for A, which by Prop 4.4.8(b) means A is diagonalizable. The
same argument projecting to the y;’s shows that D is also diagonalizable.

<= : Suppose that A and D are diagonalizable, i.e. there exists P, Q such that P~'AP and
Q~'DQ are diagonal. Now note that

Pt 0 1[A 0][P 0] _[PtAP 0
0 Q'|0o Do Q| 0 Q'DQ
is diagonal and that

P oo][Pt o]_[PPt 0 ]_, P ol7" [Pt oo
[0 @Ho Q-l]‘[o @Q‘l}‘ :‘{0 @] ‘[0 Q-l]

So for R = [ ] , we have R™'MR is diagonal and therefore M is diagonalizable. O

P 0
0 @
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6.11

a
Let A= [c d

b] be a 2 x 2 matrix with eigenvalue A.

(a) Show that unless it is zero, the vector (b, A — a)® is an eigenvector.

(b) Find a matrix P such that P~ AP is diagonal, assuming that b # 0 and that A has distinct
eigenvalues.

Solution.

(a) Proof.
Let p be the other complex eigenvalue of A (possibly ;= A). Then we have

{)\Jr,u =trA=a+d

AL =det A = ad — bc
Now
[a b][b]:[ab—k)\b—ab]:[ Ab ]:[ )\b]:)\[b]:)\[b]
c dl |[A—a bc+ A\d — ad Ad — (ad — be) Ad — A d—p A—a
Therefore [b X\ — a’ is an eigenvector with eigenvalue . O

(b) From (a), we have eigenvectors [b A — a]® and [b p — a]’. Thus we have an eigenbasis with
basechange matrix

_ b b 1 1 w—a —b
e RO B ]

Note that P is invertible since b # 0 and A # p by assumption. Now indeed

1 (w—a —bl[a b b b
-1 o 1% a
P AP_b(,u—)\) la — b][c d} [)\—a ,u—a}

>

B 1 w—a —b Ab b

S b(p =) [a=A b]b@—@ Mu—w}
1 [Apb — A%b 0

b — A) 0 —Aub + MZb}

1 b —N) 0 }
b(u—XN) | O wb(p — X)

o2
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§7 - JORDAN FORM

N.B. I use the convention of £ x k Jordan blocks being written as

Al

S = 2

1
A

i.e. the transpose of Artin’s Jy, and the Jordan form being written as
‘]kl ()‘1)

J= = Jip (M) @ D g, (o)
Jr, (M)
I believe this is the more common practice, and the results in Artin about Jordan blocks

and Jordan form—as written like this—still hold, as the only difference in the proofs is
Lhow the basis gets ordered, see Exercise 7.8. J

7.1

Determine the Jordan form of the matrix

S O =
—= ==
= o O

Solution.
Note that we have characteristic polynomial

t—1 -1 0
pt)=det| 0 t—1 0 |[=(@—-1)°
0 -1 t-1

Hence we have eigenvalue A = 1 with multiplicity 3. Next note that

010 1
im(A—A)=im |0 0 O =span¢ |0
010 1

and so by rank-nullity we have ker(A — AI') has dimension 3 —1 = 2, i.e. the space of eigenvectors
with eigenvalue A = 1 is two-dimensional, i.e. A =1 has two Jordan blocks. Since A =1 is our
only eigenvalue, our 3 x 3 Jordan matrix J must consist of these two blocks. This forces

10
J=JhL)es1) =0 1 0
0 1

S O =
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7.2

1 1 1
Prove that A = |—1 —1 —1| is an idempotent matrix, i.e., that A2 = A, and find its Jordan
1 1 1
form.
Solution.
Proof.
We can prove this via a direct computation of A2, but note that
1 1 1 1
A=|-1 -1 1| =|-1|[1 1 1] = v’
1 1 1 1

Hence
A% = (vl (vw') = v(whv)w’ = v(Dw' = v = A

To find its Jordan form, we have characteristic polynomial

=1 =i =i
pt)=det | 1 t+1 1 | =t} (t—1)
1 =L #=1

Hence we have eigenvalues A\; = 1 with multiplicity 1 and Ay = 0 with multiplicity 2. Now note

that
1

im(A — X2f) =im A = spang |—1
1

and so by rank-nullity ker(A — Ay7) has dimension 3 — 1 = 2 and A9 = 0 has two Jordan blocks.
Since we need a 1 x 1 Jordan block for Ay = 1 this forces the Jordan form of A to be

10
J=J1)® J1(0)® Ji(0)= |0 0
0 0

o O O
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7.3

Let V be a complex vector space of dimension 5, and let T" be a linear operator on V whose
characteristic polynomial is (¢ — A)®. Suppose that the rank of the operator 7' — AI is 2. What are
the possible Jordan forms for 77

Solution.

By rank-nullity ker(7T" — AI) has dimension 5 — 2 = 3, so A must have 3 Jordan blocks. Since the
Jordan form is a 5 x 5 matrix and A is our only eigenvalue (as the characteristic polynomial is
(t —X)?)), we need to partition 5 into a sum of three positive integers, which can only be done by

5=3+1+1=2+2+1

Hence the possible Jordan forms for 7" is either

Al
Al
J3(A\) @ J1(A) @ J1(N) = A
A
L A_
or B _
Al
JQ(}\)@JQ(A)@Jl()\) = Al
A
I Al
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7.4

(a) Determine all possible Jordan forms for a matrix whose characteristic polynomial is (¢+2)%(t—5)3.

(b) What are the possible Jordan forms for a matrix whose characteristic polynomial is (t+2)%(t—5)3,
when space of eigenvectors with eigenvalue —2 is one-dimensional, and the space of eigenvectors
with eigenvalue 5 is two-dimensional?

Solution.

(a) All that we are given is that we have eigenvalues A\; = —2 with multiplicity 2 and Ao =5
with multiplicity 3. Then for A\; we can have either 1 or 2 Jordan blocks and for Ay we
can have either 1, 2, or 3 Jordan blocks, giving six possible Jordan forms in total (up to
reordering); namely:

J2(—2) & J3(5)

Ji1(=2) @ J1(=2) & J5(5)

Jo(=2) @ J2(5) @ J1(5)

Ji(=2) & J1(=2) ® J2(5) & J1(5)

Ja(=2) @ J1(5) @ J1(5) @ Ji(5)

J1(=2) @ J1(=2) ® J1(5) @ J1(5) @ J1(5)

S

(b) If dimker(7T — A\ I) = 1 and dimker(7T" — A2l) = 2, then this forces A\; = —2 to have 1
Jordan block and Ay = 5 to have 2 Jordan blocks. This then forces the Jordan form to be
J2(—2) & J2(5) & J1(5).

7.5

What is the Jordan form of a matrix A all of whose eigenvectors are multiples of a single vector?

Solution.
Suppose every eigenvector is in span {v} for some vector v. If w is an eigenvector with eigenvalue
A, then we can write w = kv and note that

A(kv) = Aw = Aw = ANkv) = Av = v
so v is an eigenvector with eigenvalue A, and for any eigenvector w’ = fv, note that
Aw' = A(fv) = £(Av) = £(\v) = A(fv) = M
Thus every eigenvector of A has eigenvalue \. If A is n x n, this means that it has characteristic

polynomial p(t) = (¢ — A)". Furthermore, we have ker(A — AI) = span {v} is one-dimensional,
so A must have 1 Jordan block and the Jordan form of A must be simply J,, ().
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7.6

Determine all invariant subspaces of a linear operator whose Jordan form consists of one block.

Solution.

Let T : V — V be a linear operator with Jordan form J,,(\). We can then find a basis by, ..., b,
of V so that Tby = Aby and Tb; = A\b; + b;—1 for 2 <7 < n.

(This is precisely the vector space formulation of saying that the matrix representation of T is
the Jordan block J,()))

Note that
Thy = \by (T — M)by =0 (T =AD" =0, (T =AD" #0
— S
Tbi = )\bi + bi—l (T — )\I)bz = bi—l Span {bl, 000 ,bk} = ker(T — /\I)k

Now define
Vi := ker(T — )\I)k = span {by,...,bx}

and set Vo = {0}. We claim Vp, Vi,...,V,, =V are all the invariant subspaces of 7.

e First, Vj is T-invariant since for any v € Vi, = span {by, ..., by},

T(v) = T(a1by + agba + - - - + agby)
= alT(bl) + OégT(bz) + -+ Osz(bk)
= a1(Ab1) + az(Abg +b1) + - - + g (Abg + bg—1) € span{bi, ..., by} = Vi

e Next, let W be a nonzero T-invariant subspace and let £ > 0 be the smallest number such
that for every w € W we have w = a1by + - -+ + agbg, ie. W C Vyand W ¢ V1. In
particular there then exists w’ € W such that w’ = a1by + - - - + agby and oy, # 0. However
bi,...,bp_1 € ker(T — A\I)*~! means that

(T — MD)* Y’ = (T = AD)* Y aghy + - + agbr) = (T — MDY (abi) = apby
Furthermore, note for every w € W that
(T —XN)w=T(w)—AweW
since T'(w) € W by assumption. Thus W is also (T" — AI)-invariant, and so we have
(T — M)*'w' = agby € W which implies by € W. A similar process shows (1" — A\ )2’

is in both W and span {b;, b2}, which independence then forces by € W. Continuing
inductively, we get by,...,by € W and so Vi, = span{by,..., by} C W and W = V.

47



7.7

Is every complex square matrix A such that A2 = A diagonalizable?

Solution.
We claim yes.

Proof.
Let A be an eigenvalue of A and let v be an eigenvector. Then note

A(w) = A2

2y — A — — Mo=lw = (M-Av=0 = A\XA-1)=0
v = VUV = AV

Av = v = A(Av) :{

Thus all the eigenvalues of A are either 0 or 1.
Now let v be a generalized eigenvector of A, i.e. (A — AI)*v = 0. By Corollary 4.7.13, it suffices
to show that v is an eigenvector. If K = 1, we are done. Otherwise, k > 2 and we consider cases:

e A=0: Then A — Al = A and
0= AFy = A*2(A%) = A" 2(Av) = Ao
Repeating (k — 1) times then gives Av = 0 and v is an eigenvector with eigenvalue 0.

e A\=1: Then A — X[ =A — 1T and

Repeating (k — 1) times then gives (A — I)v = £0 = 0 and so v is an eigenvector.

Therefore in both cases v is an eigenvector and so A is diagonalizable. O
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7.8

Is every complex square matrix A similar to its transpose?

Solution.
We claim yes.

Proof.
Note that

B JN)By = |1 - Do | =
A 1 A

i.e. a Jordan block Ji(A) is similar to its transpose. This means—via using a block matrix with
these By’s as blocks—that any matrix in Jordan form

Jk‘l ()‘1)
J =
Ik, (Ae)

must also be similar to its transpose J¢, which is a form using Jx(\)! as its blocks (i.e. what
Artin calls “Jordan form”; in particular note that this justifies our convention from the top of
the chapter to be able to use Artin’s results).

Finally, putting A into Jordan form .J is simply a change of basis, so we have J = P~ AP. Then
Jt — (P—IAP)t — PtAt(Pt)—l

and so A’ is similar to J!. Combining this all together, we have A similar to J, J similar to J¢,
and J! similar to A?. Therefore by transitivity A is similar to A°. O
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7.9

Find a 2 x 2 matrix with entries in IF,, that has a power equal to the identity and an eigenvalue in
[Fp, but is not diagonalizable.

Solution.
Consider the 2 x 2 matrix in F,

so= = o res

Then note that via N? = 0 and binomial expansion we have

Jo(1)P = (I + N)P i()N’Ip’:<€>I+<>N+O I+pN

1=

but since we are in F), we have pN = 0 and so Ja(1)P? = I.

Furthermore, J2(1) has characteristic polynomial p(t) = (t — 1)?, and thus it has eigen-
value 1 € F),.

However, by Corollary 4.7.13 J3(1) is not diagonalizable since it is already in Jordan
form and is a 2 x 2 block.
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M.1

MISCELLANEOUS PROBLEMS

Let v = (ai,...,a,) be a real row vector. We may form the n! x n matrix M whose rows are
obtained by permuting the entries of v in all possible ways. The rows can be listed in an arbitrary
order. Thus if n = 3, M might be

[a1 a2 a3
aip az az
az az ai
a2 a; ag
asg aip az

a3 az ay |

Determine the possible ranks that such a matrix could have.

Solution.

Note that each row must have the same sum s := ay + - - - + a,,. Furthermore, the rank of M is
the same as the rank of M? by Thm 4.2.14 so it suffices to investigate the independence of the
rows of M (or equivalently, work with M?). Consider the collection for any x € R

Note that Wy is an (n — 1)-dimensional subspace, and that im M* C span {W;}.
Now we consider cases:

e If v is a constant vector a; = -+ = a,, = a for some a € R, then every row of M is simply

e If v is not constant, then we claim that M has rank n — 1 or n. To see this, as v is not

Wy ={weR" | wi + - +wp = a}

v. Thus we have M rank 0 if a = 0 and M rank 1 if a # 0.

constant and the rows of M contain all permutations of v, there exists a, # a, and rows
r,r" of M such that we can go from r to " by simply swapping a, and a4, e.g.

T:[al ap aq an]

However, in this case now we have
7«_7«/:[0 ap—ag o —(ap—ag) - 0l=(ap—ag)l0 -+ 1 -+ =1 - 0

and then thinking of these rows as vectors in R", we can write r — 1’ = (a, — aq)(€e; — €;)
(if @ is the ith entry of r and the jth entry of /) and we have

ap — a 0

p, q?é " :>€i—6’j€ith
r, 7 €im M

But since M contains all permutations of v’s entries, we can find rows r and r’ as above

where the a, and a4 are anywhere we would like. More formally, for any 7 # j we can find

/ Y PRy i o0
rows r and 7’ such that r; = r}; = ap, rj = r; = aq, and 1y =7}, for k #£ 1, 5.
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The above reasoning then shows that e; —e; € im M* for any i # j. And since the (e; —e;)’s
generate Wy, we have that

Wo Cim M! = n —1 = dim Wy < dim(im M*) = rank(M)

Finally, if s = 0, then im M? C span {W;} forces im M* = W and so M has rank n — 1.
If s # 0, then we have v ¢ Wy and thus W) is a strict subset of im M* and rank(M) > n—1.
But M having n columns forces rank(M) < n, so we must have rank(M) = n.

Therefore the only relevant factors are whether a1 = --- = a, and a1 + - -+ + a,, = 0, or in terms
of the ones vector 1 € R”, whether v = al and v*1 = 0. In summary:

e If v = 01, then rank(M) = 0.

e If v = al with a # 0, then rank(M) = 1.

e If v # al and v'1 = 0, then rank(M) =n — 1.
e If v # al and v'1 # 0, then rank(M) = n.

This exhausts all possibilities and therefore are all of the possible ranks of M.
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M.2

Let A be a complex n x n matrix with n distinct eigenvalues A1,...,A,. Assume that \; is the
largest eigenvalue, that is, that |[\q| > |)\;| for all ¢ > 1.

(a) Prove that for most vectors X, the sequence X}, = Al_kAkX converges to an eigenvector Y with
eigenvalue A1, and describe precisely what the conditions on X are for this to be true.

(b) Prove the same thing without assuming that the eigenvalues \,..., A\, are distinct.
Solution.
(a) Proof.
Since the eigenvalues are distinct, we can find an eigenbasis by, ..., b, (such that Ab; = \;b;),

SO we can write
X =a1by + -+ anb,

Now note each term of our sequence looks like
1 &
X, = —AX
)\k
1

1
= FAk(albl + agbs + - + apby)
1
1
= V(OélAkbl + OégAka dhooodh anAkbn)
1

1
= F(al)\]fbl + ag\by 4 -+ a \oby,)
1

1 % Ak Ak
= )\Tf)‘l(albl + agﬁbg +- 4 ozn/\—,fbn)

= aib + aa(32) b + - + an(f\—’;)kbn

1

and for every ¢ > 1 we have

k—o0 k—oo )\1

Ai F X\
|)\1| > ‘)\z’ — ‘)\ =0 = lim (> =0
1

Ai

Thus we have X — a1by as k — oo, and indeed «1b; is an eigenvector with eigenvalue \q
as long as «ay is nonzero. Hence the sequence converges to an eigenvector if oy # 0. O
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(b) Note we still have [A\1| > |\;| for i > 1, so we can put A into Jordan form J = PAP~! to
look like

A1
J— Jk2 (MQ)
J kg (,uﬁ)
where for each Jordan block, u; € {A2,...,A\,}. Now (from P) we have a basis of generalized
eigenvectors by, ..., b, such that b; is an eigenvector with \;. We then write
X =a1b; + -+ apb,
and can write this as a vector v with respect to our basis by, ..., b, and with blocks:
aq V1
a9 V2
v = . =
Qi oy

where each v; is of length k; (and v; = 1) in order to perform block multiplication with J.
Also note that J® = PA"P~! so we have A" acting on X is the same as J" acting on v and

)\711 V1 )\?Ul
iy (p2)™ ) Ty (p12)" 2
AT AT AT : AT :
T, (pe)™ ] [ve Tre, (1) ve

Thus it suffices to show for ¢ > 1 that A\ "J, (1i)"v; — 0 as n — oo, i.e. work each block
separately. Choose ¢ > 1 and, to clean up notation, set p := p; and Jx, (i) =: Ji(pu) = pI+N.
If p = 0 then we are done as J;(0) = N is nilpotent. Otherwise, we have via binomial
expansion

—-n n 1 n 1 ! n n—j 1
AL T (1) :V(MI‘FN) = > <)M N
1 1

where (x) follows from N7 = 0 for j > k (the size of our Jordan block Jj(p)), and since we
are sending n — oo we may assume that n > k£ and so our sum is finite. Note that

— ) — <“> —0

n—00 )\1

7

A1 > |p] = Pl = lim
)\1 )\1

n—oo
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and since (?) is a polynomial in n of degree j while (1/A\1)™ is exponential, we have that

Thus
: —n n_ —j J— —JgNJ —
nh_{glo AT (w)" = nlggo > <]>M <A1> N E O,u, 0N =0
j= j=

and A} "Jg, (i) vi — 0 as n — oo. Therefore

)\?’Ul V1

. 1 | Ike(p2) 2 0
lim X, = lim — _ =| .| =ab +0by+---+0b,

n—00 n—00 )\71L : :

Tiy (1) ve 0

and X,, — a1b; as n — oo, which is an eigenvector with eigenvalue A\ for oy # 0.
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M.3

1
Compute the largest eigenvalue of the matrix B 4] to three-place accuracy, using a method based

on Exercise M.2.

Solution.

Note that the sequence in Exercise M.2 of X; = )\kakX requires knowledge of the largest
eigenvalue \;. However, the sequence Y = AFX = AY;,_; will still tend towards the direction
of an eigenvector, but also increase/decrease in magnitude exponentially depending on whether
|A\1] is greater/less than 1. Hence if we keep normalizing the vector after multiplying by A, we
will tend towards a unit eigenvector Z with eigenvalue A;. Our complete method then is to first
choose an arbitrary vector Zy and then compute the sequence of vectors

7, = AZy
|AZg-1|

Now note that

k k
2k =% Z = ||AZ| =¥ | AZ] = 1M Z) = Ml ZI] = M

For our example, we have A = B ﬂ and we choose Zy = [(1]] .

Now with the help of a Python program we compute

|AZo|| = 4.2426
|AZ1|| ~ 5.7008
| AZs| = 5.4926
|AZ5]| ~ 5.3675
|AZ4|| ~ 5.3238
|AZs|| ~ 5.3095
|AZg|| ~ 5.3049
|AZz|| ~ 5.3034
|AZg|| ~ 5.3029
|AZ|| ~ 5.3027
|AZ10|| ~ 5.3027

Thus after the fourth decimal place stabilizes, we can confirm the first three decimal places are
correct and so |A1| &~ 5.3027. Indeed, solving the characteristic polynomial directly gives

_7+V13
- =

A1 ~ 5.30277538
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M.4

If X = (x1,22,...) is an infinite real row vector and A = (a;5),0 < 4,j < oo is an infinite real
matrix, one may or may not be able to define the matrix product X A. For which A can one define
right multiplication on the space R* of all infinite row vectors? On the space

Z ={(a) € R* | a, = 0 for all but finitely many n}?

Solution.
We can define X A for all X € R* as long as each column of A has finitely-many nonzero entries,
and we can define X A for all X € Z for any A.
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M.5

Let ¢ : F™ — F™ be left multiplication by an m x n matrix A.

(a) Prove that the following are equivalent:

e A has a right inverse, a matrix B such that AB = I.
e (o is surjective.
e The rank of A is m.

(b) Prove that the following are equivalent:

e A has a left inverse, a matrix B such that BA = I.
e (o is injective.
e The rank of A is n.

Solution.

(a)

Proof.
(1) = (2): Suppose that AB = I. Then for any y € F™, we have

o(By) = A(By) = (AB)y=Iy=y = y €imop

and thus ¢ is surjective.

(2) = (3): Suppose that ¢ is surjective. Then im ¢ = F™ and
rank(A) = dim(im A) = dim(im ¢) = dim(F™) =m

(3) = (1): Suppose that rank(A) = m. Thenim A C F™ and dim(im A) = dim(F™) =m
forces im A = F™ by Prop 3.4.23. Hence for every standard basis vector e; € F™, there

exists b; € F™ such that Ab; = e;. Setting B :=1[by ... by,

AB=A[by ... byl =[Ab1 ... Abypl=le1 ... en]=1
and A has a right inverse. O
Proof.

Define ¢ : F™ — F™ by 1(y) = Aly. Then note
A has a left inverse «—= BA =1 < A'B' =1 <= A’ has a right inverse

and

¢ is injective <= null(A) = {0} A rank(A") = n <= im(A") = F" <= 1 surjective

and
rank(A) =n <= rank(4') =n

Therefore the equivalence follows from (a) applied to the rightmost statements above.
To elaborate on (x), it follows from the dimension formula that n = rank(A) + nullity(A), so

null(4) = {0} <= nullity(A) =0 <= rank(A") = rank(4) = n
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M.6

Without using the characteristic polynomial, prove that a linear operator on a vector space of
dimension n can have at most n distinct eigenvalues.

Solution.

Proof.
Suppose otherwise, i.e. there exists a linear operator 7' : V — V with dim V' = n such that 7" has

distinct eigenvectors Ay, ..., A, for r > n. Then if vy,...,v, € V are corresponding eigenvectors,
by Prop 4.6.5 we have that vy,...,v, are linearly independent. However, if we take a basis
bi,...,b, of V, then

r={ur,...,o } > {b1,.... 0} =n

which contradicts Prop 3.4.21(c). Therefore every linear operator T': V' — V can have at most
n distinct eigenvalues. O
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M.7

Let T be a linear operator on a vector space V. Let K, and W, denote the kernel and image,
respectively, of T7.

(a) Show that K3 C Ko C ... and that W; D Wy D ...
(b) The following conditions might or might not hold for a particular value of r:
(1)K, =Kr41, QW,=W,p1, Q) W,NK;={0}, U)W +K =V

Find all implications among the conditions (1)—(4) when V is finite-dimensional.

(c) Do the same thing when V' is infinite-dimensional.

Solution.

(a) Proof.
Choose v € K. Then T"(v) = 0 and

T W) =T(T"(v)) =T(0) =0 = v € K,

Thus K, C Ky1.
Now choose w € W,.. Then we have T"(v) = w for some v € V. Note that

T HTW) =T (v) =w = w e W,_;

Thus W, D W,_;. ]
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(b) Let dimV = n. We claim all four conditions are equivalent.

Proof.
(1) <= (2): For any r, T" : V. — V is a linear operator and so by rank-nullity we have

dim K, +dim W, = n (%)
Then we have equivalences
K, =K,41 < dimK, =dim K,

TGN (n—dimW,) = (n —dimW,41)

<— dim W, =dim W,

Ay w, = w,p

where (1) comes from (a) and Prop 3.4.23. Thus we have (1) <= (2).

(1) = (3): Suppose that K, = K,;1. Choose w € W, N Ky. Then T(w) = 0
and there exists v € V such that 7" (v) = w. Now note

T =TT ) =T(w) =0 = veK, 1=K, = w=T"(v) =0
Thus W, N Ky = {0}.

(3) = (4): Suppose that W, N K; = {0}. Choose w € W, N K,. Then T"(w) = 0 and
there exists v € V such that T"(v) = w. Now

T(T"Hw)) =T"(w) =0
{Tgm—f R S CLL AL BT
— 7" Y(w) =0
— weW,NK,_4
The same argument shows w € W, N K,_2 and so inductively we have
weW,NK;={0} = w=0= W,nK, ={0}
Thus by Prop 3.6.6(a),

n Y dim W, + dim K, = dim(W, N K,) + dim(W; + K,) = 0 + dim(W, + K,)

and since W, C W7,
W+ K, W1+ K, CV = n=dim(W, + K,) <dim(W; + K,) <dim(V) =n
— dim(W1 + K,) =n
and finally by Prop 3.4.23 we have W, + K, = V.

(4) = (2): Suppose that W; + K, = V. Then it suffices to show that W, C W,4;. Choose
w € Wy, ie. w="T"(v) for some v € V. = W; + K,. Then there exists T(v') € W; and
v" € K, such that v = T'(v') +v”. Now note

w=T"(v) =T (T@W)+0") =T (TW)) +T"(W") =T W) +0 = we W,y
Hence W, C Wy41. O
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(c) We claim (1) <= (3) and (2) <= (4) are the only implications.
Proof.
(1) = (3): See proof in (b).
(3) = (1): Suppose that W, N K; = {0}. Assume that K, # K,y1. As K, C K,1, this
means that there exists v € K, such that v ¢ K,.. But now for w =T"(v) € W, note
Tw) =TT ) =T"""v)=0 = we KiNW,={0} = w=T"(v)=0

Hence v € K., which is a contradiction and so K, = K,41.

(2) = (4): Suppose that W, = W, 1. Choose v € V. Note that T"(v) € W, = W41, so
there exists v’ € V such that T7+1(v') = T"(v). Now

T =T"(v) = 0=T"(v-T(V)) = (v-T)) € K,
and since T'(v") € W1, we have
v=TW)+ (w-T{)) e W, + K,

Thus V = W7 + K,..
(4) = (2): See proof in (b).

Finally, it suffices to show (1) =~ (2) and (2) =~ (1):
(1) =& (2): Consider the right-shift operator

R:R*® - R* (a1,a2,as3,...,)+— (0,a1,a2,...,)
Note that K1 = K3 = {0}, so (1) holds for r = 1. However, (2) fails since
Wy ={(0,a9,as,...,)} #{(0,0,as,...,)} = Ws
(2) =~ (1): Consider the left-shift operator
L:R*® - R*, (a1,a3,a3,...,)— (az,as,...,)
Note that W1 = Wy = R*, so (2) holds for » = 1. However, (1) fails since

K1:{(al,O,O,...,)}#{(al,ag,o,...,)}:KQ
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M.8

Let T be a linear operator on a finite-dimensional complex vector space V.

(a) Let A be an eigenvalue of T', and let V), be the set of generalized eigenvectors, together with the
zero vector. Prove that V) is a T-invariant subspace of V. (This subspace is called a generalized
eigenspace.)

(b) Prove that V' is the direct sum of its generalized eigenspaces.

Solution.

(a) Proof.
Let C =T — M. Then from Exercise M.7(a) we have

kerC CkerC? C ...

and since V is finite-dimensional, this chain must stabilize eventually, i.e. ker C¥ = ker C*+1
for some k. Thus

W={veV| Ci(v):0forsomei:1,2,...}:UkerCi:kerC’k

i>1
and so V) is a subspace. Also note for any v € V' that
O(T(v)) = T?(v) = AT (v) = T((T — A)(v)) = T(C(v))
Thus C and T' commute. Now choose v € Vy, i.e. (T — A)¥(v) = C¥(v) = 0. Then
CH(T(v)) =T(C*v) =T(0) =0 = T(v) € Vi

Thus V), is T-invariant. ]
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(b) Proof.
We induct on n :=dim V.
If n = 0, no generalized eigenvectors exist and the result holds vacuously.

Now assume the result holds for all complex vector spaces of dimension < n.
Since V' is a vector space over C, T has an eigenvalue A and V) # {0}. Then from the proof
of (a), there exists k such that ker(T — AI)* = ker(T — A\I)**!. Now we have

Vi =ker(T — AI)¥ and W :=im(T — XI)F
Then from Exercise M.7(b) and its proof,
ker(T — XI)F = ker(T — A" — VA nim(T — \I) = {0} = WL nW = {0}

and by rank-nullity
n=dimV =dim V) +dim W

Thus
dim(Vy + W) = (dim V) +dim W) —dim(VNW)=n—-0=n = V\+ W=V

and so by Prop 3.6.6(c) we have V =V, & W.
Furthermore, if W = {0} then we are done. Otherwise, note

(T = ADE@w) e W = T((T = X)*(v)) = (T = AD¥(T(v)) e W
i.e. W is T-invariant and
WW#{0} = dimV) >0 = dimW =n—-dimV) <n
Thus the IH holds for T'|y : W — W and we can write
W=W,& -d&W,,
We now need to show

e The distinct eigenvalues of T" are A, p1, . . ., up: First, for distinctness note that if A = p;,
then there exists nonzero w € W such that

T(w) =Tlw(w) = pw = w = weVy, = weVanW = {0}

which is a contradiction. Next, every eigenvalue of T'|yy is an eigenvalue of T', so we
need to show that all of the eigenvalues of T" are in the list above. Let 1 #% A be an
eigenvalue of T, i.e. T(v) = pv. We can write v = v’ + w for v' € V) and w € W. Now
note

Vy and W are T-invariant = V) and W are (1" — ul)-invariant
= (T —pl)v' € Vy and (T — pul)w e W

so we have

0=(T—pl)v=(T—pl)v + (T —pHw e Vy+W
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which by independence forces (T' — pl)v' = (T — pl)w = 0. Specifically, Tv' = v’
and more generally for any polynomial p(z), we have that p(T)v" = p(u)v' (e.g.
(T? =T+ I)(v') = p®v' — w’ +'). Hence for the polynomial p(x) = (x — \)*, we have
p(T) = (T — AI)* and p(u) = (u — \)*. But

v eVy = 0= (T — A" = p(T)v = p(p)v’ = (u— \)*/

and p # X\ forces v/ = 0. Thus v = w € W and so v is an eigenvector of Ty with
eigenvalue p, i.e. p = p; for some 1.

e Each W, is a generalized eigenspace of V: We have W, C V), so choose v € V,,,, i.e.
(T — piI)v = 0. By the same argument as above, we can write v = v/ + w for v/ € V),
and w € W and

0= (T — i) = (T — i)' + (T — p)'w e N+ W = (T — )’ =0

— v =0

— v=wewWwW

— (Tlw —w)v =0
— veker(T!W—,uiI)[
= veW,

Thus W, =V,,,.

Therefore we have
V=hoW=WhoW,o oW, ) =WhoeV, e  -oV,)=NeV, e oV,

and V is the direct sum of its generalized eigenspaces. O
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M.9

Let V be a finite-dimensional vector space. A linear operator T : V — V is called a projection if
T? = T (not necessarily an “orthogonal projection”). Let K and W be the kernel and image of a
linear operator 1. Prove

(a) T is a projection onto W if and only if the restriction of T to W is the identity map.
(b) If T is a projection, then V is the direct sum W & K.

(c) The trace of a projection is equal to its rank.

Solution.

(a) Proof.
= : Suppose 1" is a projection onto W. Now choose w € W. Then there exists v € V such
that T'(v) = w. Now

Tlw () = T(w) = T(T(@)) = T>(v) = T(v) = w
Thus T'|w = I.

<= Suppose that T'|y = I. Now choose v € V. Then
T(v) e W = T2(v) = T(T()) = Tlw(T(v)) = [(T(v)) = T(v)
Thus 72 = T and T is a projection onto W. OJ

(b) Proof.
Let T be a projection. Then

imT? =imT 2% imTrker T = {0} and imT+kerT =V Al V=imT®kerT = WeK

where (x) is via Exercise M.7(b) and () is via Prop 3.6.6(c). O
(c) Proof.

Let wq, ..., wy, be a basis of W and ky,..., ks be a basis of K. From (b), this means that

Wiy o oy Wiy k1, - - ., kg forms a basis of V. If we write w; = T'(v;) for v; € V, then note

T(’wi) = T(T(’Ui)) = Tz(vi) = T(Ui) = Ww; = 011)1 SR 111)2‘ qF oo R me + Okl + -+ Okg

and
T(k;)) =0=0wy + -+ 0w; + -+ 0wy, + 0ky + - - + Oky

Thus the matrix representation of T" with respect to this basis is

-1 -

and therefore tr7' = m =dimW =dimim7T = rankT. O
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M.10

Let A and B be m x n and n x m real matrices.

(a) Prove that if X is a nonzero eigenvalue of the m x m matrix AB then it is also an eigenvalue of
the n X n matrix BA. Show by example that this need not be true if A = 0.

(b) Prove that I, — AB is invertible if and only if I,, — BA is invertible.

Solution.
(a) Proof.
Let A be a nonzero eigenvalue of AB and let v be an eigenvector, i.e. v # 0 and ABv = \v.
Note that if Bv is zero, then
Bv=0 = ABv=0 = Ml =0
which is a contradiction since A and v are both assumed to be nonzero. Hence Bv # 0. Then
BA(Bv) = B(ABv) = B(Av) = ABwv

and Bv is an eigenvector of BA with eigenvalue .

For a counterexample, consider

A= H and B=[1 0

ama= o]0 a = fo o] 1] = [o] =

so 0 is an eigenvalue of AB. However,

Then note

and so 0 is not an eigenvalue of BA. O

(b) Proof.
Note that det(l,, — AB) = 0 if and only if 1 is an eigenvalue of AB. Furthermore, the
result in (a) is an if and only if simply by making the symmetric argument for the reverse.

Therefore
det(I,, — AB) # 0 <= 1 not eigenvalue of AB
&} 1 not eigenvalue of BA
<= det(l, — BA) #0
i.e. I, — AB is invertible if and only if I,, — BA is invertible. O
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