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§1 - The Dimension Formula

1.1

Let A be a ℓ×m matrix and let B be an n× p matrix. Prove that the rule M ⇝ AMB defines a
linear transformation from the space Fm×n of m× n matrices to the space F ℓ×p.

Solution.

Proof.
Let ψ(M) = AMB and choose M1,M2 ∈ Fm×n. Then

ψ(M1 +M2) = A(M1 +M2)B = [AM1 +AM2]B = AM1B +AM2B = ψ(M1) + ψ(M2)

and for any c ∈ F
ψ(cM1) = A(cM1)B = c(AM1B) = cψ(M)

Thus ψ is a linear transformation.

1.2

Let v1, . . . , vn be elements of a vector space V . Prove that the map φ : Fn → V defined by
φ(X) = v1x1 + · · ·+ vnxn is a linear transformation.

Solution.

Proof.
Note that for any X,Y ∈ Fn

φ(X + Y ) =
n∑

i=1

vi[X + Y ]i =
n∑

i=1

vi(xi + yi) =
n∑

i=1

vixi +
n∑

i=1

viyi = φ(X) + φ(Y )

and for any c ∈ F

φ(cX) =

n∑
i=1

vi[cX]i =

n∑
i=1

vi(cxi) = c

n∑
i=1

vixi = cφ(X)

Thus φ is a linear transformation.
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1.3

Let A be an m× n matrix. Use the dimension formula to prove that the space of solutions of the
linear system AX = 0 has dimension at least n−m.

Solution.

Proof.
Since the left-multiply map TA : Fn → Fm, X 7→ AX is linear, by the dimension formula we
have that

dim(kerTA) + dim(imTA) = dimFn = n =⇒ dim(kerTA) = n− dim(imTA)

and since imTA ⊂ Fm, we have dim(imTA) ≤ dim(Fm) = m. Thus the dimension of the space
{X | AX = 0}, which is exactly dim(kerTA), is

dim(kerTA) = n− dim(imTa) ≥ n−m

1.4

Prove that every m × n matrix A of rank 1 has the form A = XY t, where X,Y are m- and
n-dimensional column vectors. How uniquely determined are these vectors?

Solution.

Proof.
Since A has rank 1, that means the span of the columns is the span of a single vector, say
X ∈ Fm. And since each column ai ∈ Fm of A is in the column space, there exists y1, . . . , yn ∈ F
such that

A = [a1 . . . an] = [y1X . . . ynX] = X[y1 . . . yn] =: XY t

Note that the values y1, . . . , yn are uniquely determined by X (by being a basis), but X is not
necessarily unique. Indeed, taking any other nonzero vector in span {X}, i.e. any cX for nonzero
c ∈ F , note that

X ′Y ′t := (cX)(c−1Y )t = (cc−1)XY t = XY t = A

so the decomposition is unique up to nonzero scalar multiples.
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1.5

(a) Let U and W be vector spaces over a field F . Show that the two operations (u,w) + (u′, w′) =
(u+ u′, w + w′) and c(u,w) = (cu, cw) on pairs of vectors make the product set U ×W into a
vector space. It is called the product space.

(b) Let U and W be subspaces of a vector space V . Show that the map T : U ×W → V defined by
T (u,w) = u+ w is a linear transformation.

(c) Express the dimension formula for T in terms of the dimensions of subspaces of V .

Solution.

(a) Proof.
Clearly U ×W under addition forms an abelian group with identity (0, 0) since U and W
are themselves vector spaces. Next note that

1(u,w) = (1u, 1w) = (u,w)

and
a[b(u,w)] = a(bu, bw) = (a[bu], a[bw]) = ([ab]u, [ab]w) = [ab](u,w)

Finally, for distributivity we have

[a+b](u,w) = ([a+b]u, [a+b]w) = (au+bu, aw+bw) = (au, aw)+(bu, bw) = a(u,w)+b(u,w)

and

a[(u,w) + (u′, w′)] = a(u+ u′, w + w′) = (a[u+ u′], a[w + w′])

= (au+ au′, aw + aw′)

= (au, aw) + (au′, aw′)

= a(u,w) + a(u′, w′)

Thus U ×W with these operations satisfy the vector space axioms.

(b) Proof.
For any (u1, w1), (u2, w2) ∈ U ×W we have

T ((u1, w1) + (u2, w2)) = T (u1 + u2, w1 + w2)

= [u1 + u2] + [w1 + w2]

= [u1 + w1] + [u2 + w2]

= T (u1, w1) + T (u2, w2)

and for any c ∈ F

T (c(u1, w1)) = T (cu1, cw1) = cu1 + cw1 = c(u1 + w1) = cT (u1, w1)

Therefore T is linear.
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(c) By the dimension formula we have

dim(kerT ) + dim(imT ) = dim(U ×W )

First note that imT = {u+ w | u ∈ U,w ∈W} = U +W (see Section 3.6). Furthermore, if
a1, . . . , ak is a basis for U and b1, . . . , bℓ is a basis for W , then for any (u,w) ∈ U ×W we
have the unique decomposition

(u,w) =

(
k∑

i=1

uiai,
ℓ∑

i=1

wibi

)
=

k∑
i=1

ui(ai, 0) +
ℓ∑

i=1

wi(0, bi)

Hence {(a1, 0), . . . , (ak, 0), (0, b1), . . . , (0, bℓ)} is a basis for U × W and so we have that
dim(U ×W ) = dimU + dimW . Finally, note that

(u,w) ∈ kerT =⇒ u+ w = 0 =⇒ u = −w =⇒ u ∈W =⇒ u ∈ U ∩W

Thus we can define a map f : kerT → U ∩W by f(u,w) = u. This is a linear map as

f((u1, w1) + (u2, w2)) = f(u1 + u2, w1 + w2) = u1 + u2 = f(u1, w1) + f(u2, w2)

and
f(c(u,w)) = f(cu, cw) = cu = cf(u,w)

It is also injective since

f(u,w) = 0 =⇒ u = 0 =⇒ 0 = T (u,w) = u+ w = 0 + w = w =⇒ (u,w) = (0, 0)

and it is surjective since for any v ∈ U∩W , we have (v,−v) ∈ kerT and f(v,−v) = v. Thus f
is an isomorphism, kerT is isomorphic to U∩W , and in particular dim(kerT ) = dim(U∩W ).
Therefore the dimension formula says

dim(U ∩W ) + dim(U +W ) = dimU + dimW

[NB: This is exactly Prop 3.6.6(a).]
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§2 - The Matrix of a Linear Transformation

2.1

Let A and B be 2× 2 matrices. Determine the matrix of the operator T :M ⇝ AMB on the space
F 2×2 of 2× 2 matrices, with respect to the basis (e11, e12, e21, e22) of F 2×2.

Solution.
We can compute the matrix product by hand:

AMB =

[
a11 a12
a21 a22

] [
m11 m12

m21 m22

] [
b11 b12
b21 b22

]
=

[
a11m11 + a12m21 a11m12 + a12m22

a21m11 + a22m21 a21m12 + a22m22

] [
b11 b12
b21 b22

]
=

[
b11(a11m11 + a12m21) + b21(a11m12 + a12m22) b12(a11m11 + a12m21) + b22(a11m12 + a12m22)
b11(a21m11 + a22m21) + b21(a21m12 + a22m22) b12(a21m11 + a22m21) + b22(a21m12 + a22m22)

]
=
[
(b11a11)m11 + (b11a12)m21 + (b21a11)m12 + (b21a12)m22 (b12a11)m11 + (b12a12)m21 + (b22a11)m12 + (b22a12)m22
(b11a21)m11 + (b11a22)m21 + (b21a21)m12 + (b21a22)m22 (b12a21)m11 + (b12a22)m21 + (b22a21)m12 + (b22a22)m22

]
= m11

[
b11a11 b12a11
b11a21 b12a21

]
+m21

[
b11a12 b12a12
b11a22 b12a22

]
+m12

[
b21a11 b22a11
b21a21 b22a21

]
+m22

[
b21a12 b22a12
b21a22 b22a22

]
Hence we can write in terms of our basis (e11, e12, e21, e22)

T (eij) =

[
bj1a1i bj2a1i
bj1a2i bj2a2i

]
= e11(bj1a1i) + e12(bj2a1i) + e21(bj1a2i) + e22(bj2a2i)↭


bj1a1i
bj2a1i
bj1a2i
bj2a2i


Putting all these column vectors together then gives the matrix representation

T ↭


b11a11 b21a11 b11a12 b21a12
b12a11 b22a11 b12a12 b22a12
b11a21 b21a21 b11a22 b21a22
b12a21 b22a21 b12a22 b22a22

 =

[
a11B

t a12B
t

a21B
t a22B

t

]
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2.2

Let A be an n× n matrix, and let V denote the space of n-dimensional row vectors. What is the
matrix of the linear operator “right multiplication by A” with respect to the standard basis of V ?

Solution.
If we write the standard basis of V as et1, . . . , etn, then note that

etiA = (Atei)
t

and since Atei is the ith column of At, this means that etiA is the ith row of A and so

etiA = [ai1 . . . ain] = ai1e
t
1 + · · ·+ aine

t
n↭

ai1...
ain


with respect to the standard basis. Stacking these as columns gives the matrix representation of
T : X 7→ XA to be

T ↭

a11 . . . an1
...

. . .
...

a1n . . . ann

 = At

2.3

Find all real 2× 2 matrices that carry the line y = x to the line y = 3x.

Solution.
We first need to write the two lines as subspaces of R2. Indeed,

y = x =⇒
[
x
y

]
=

[
x
x

]
= x

[
1
1

]
=⇒ {(x, y) ∈ R2 | y = x} = span

{[
1
1

]}
=: A

and

y = 3x =⇒
[
x
y

]
=

[
x
3x

]
= x

[
1
3

]
=⇒ {(x, y) ∈ R2 | y = 3x} = span

{[
1
3

]}
=: B

Thus we need to find all linear transformations T : R2 → R2 such that im(T |A) ⊂ B. Note
that any such map forces T ([1 1]t) to be an element of B. Hence if we let MT be the matrix
representation of T with respect to the standard basis, we have

MT

[
1
1

]
:=

[
a b
c d

] [
1
1

]
=

[
a+ b
c+ d

]
∈ B =⇒ c+ d = 3(a+ b)

Therefore the set of all possible matrices MT is{[
a b
c d

] ∣∣∣∣ c+ d = 3(a+ b)

}
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2.4

Prove Theorem 4.2.10(b) using row and column operations.

Solution.

Proof.
Let A be an m× n matrix. We first row reduce A to A′′′ via elementary row operations:

A′′′ = Ek . . . E1A

Now the number of pivot 1s is exactly the rank of A, so we can permute the columns of A′′′ via
column operations to move all the pivots to the left and create A′′ in the form

A′′ = A′′′F1 . . . Fm =

[
Ir B

0 0

]
Finally, we can use more column operations on A′′ to clear out the entries of the submatrix B
(e.g. to clear out the entry bij , add −bij times column i of A′′ and add it to column r+ j of A′′).
Doing these operations will clear out B and create A′:

A′ = A′′G1 . . . Gn =

[
Ir 0

0 0

]
Finally, set Q = E−1

1 . . . E−1
k and P = F1 . . . FmG1 . . . Gn and note[

Ir 0
0 0

]
= A′ = A′′G1 . . . Gn = A′′′F1 . . . FmG1 . . . Gn = Ek . . . E1AF1 . . . FmG1 . . . Gn = Q−1AP

which is our desired decomposition.

[NB: This exercise more precisely answers the question in Exercise 1.3.4]
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2.5

Let A be an m× n matrix of rank r, let I be a set of r row indices such that the corresponding rows
of A are independent, and let J be a set of r column indices such that the corresponding columns of
A are independent. Let M denote the r × r submatrix of A obtained by taking rows from I and
columns from J . Prove that M is invertible.

Solution.

Proof.
Suppose that M is not invertible. In particular (e.g. by Thm 1.2.21), there exists a nonzero
r-dimensional vector X such that MX = 0. We now construct an n-dimension vector Y via:

Yj :=

{
Xj if j ∈ J

0 if j /∈ J

Now note that if we choose an index i ∈ I, then

[AY ]i =
n∑

j=1

aijYj = 0 +
∑
j∈J

aijXj =
∑
j∈J

mijXj = [MX]i = 0 (⋆)

However if we write A row-wise, then

AY =

−A1−
...

−Am−

Y =

A1Y
...

AmY

 =⇒ [AY ]i = AiY

Hence 0 = [AY ]i = AiY for all i ∈ I, and since {Ai | i ∈ I} span the row-space (i.e. each Ak is
a linear combination of the Ai, i ∈ I), we have that AiY = 0 for i = 1, . . . ,m and thus AY = 0.
Now writing A column-wise,0...

0

 = AY = [Ae1 . . . Aen]

Y1...
Yn

 =
n∑

j=1

(Aej)Yj = 0 +
∑
j∈J

(Aej)Xj

And since
∑

j∈J(Aej)Xj is a linear combination of r linearly-independent columns of A, this
forces Xj = 0 for j = 1, . . . , r which contradicts X being nonzero. Therefore M is invertible.

[NB: Strictly speaking, (⋆) is false since the entry aij is not necessarily the entry mij

for i ∈ I, j ∈ J . A simple fix is given i ∈ I, j ∈ J , set i, j ∈ {1, . . . , r} such that mij = aij . Then
(⋆) can be replaced with the corrected (albeit slightly more clunky)

[AY ]i =
n∑

j=1

aijYj = 0 +
∑
j∈J

aijXj =
∑
j∈J

mijXj = [MX]i = 0

An even simpler fix is to just set mij := aij and only allowing access to an entry of X and M
via I and J , as this also fixes the same nitpick in our construction of Y . ]
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§3 - Linear Operators

3.1

Determine the dimensions of the kernel and the image of the linear operator T on the space Rn

defined by T (x1, . . . , xn)t = (x1 + xn, x2 + xn−1, . . . , xn + x1)
t.

Solution.
Note that by the dimension formula we have

dim(kerT ) + dim(imT ) = dim(Rn) = n =⇒ dim(imT ) = n− dim(kerT )

So it suffices to calculate dim(kerT ). We havex1...
xn

 ∈ kerT ⇐⇒ 0 = T


x1...
xn


 =

x1 + xn
...

xn + x1


If n is even,

X ∈ kerT ⇐⇒


xn = −x1
xn−1 = −x2
. . .

xn/2+1 = −xn/2

⇐⇒ X =



x1
x2
...

xn/2
−xn/2
...

−x2
−x1


= x1



1
0
...
0
0
...
0
−1


+x2



0
1
...
0
0
...

−1
0


+· · ·+xn/2



0
0
...
1
−1
...
0
0


Thus

kerT = span





1
0
...
0
0
...
0
−1


,



0
1
...
0
0
...

−1
0


, . . . ,



0
0
...
1
−1
...
0
0




and since these vectors are independent, they form a basis of kerT and so dim(kerT ) = n/2
when n is even.
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Now if n is odd,

X ∈ kerT ⇐⇒


xn = −x1
xn−1 = −x2 . . .
x(n+1)/2+1 = −x(n−1)/2

x(n+1)/2 = 0

⇐⇒ X =



x1
x2
...

x(n−1)/2

0
−x(n−1)/2

...
−x2
−x1


= x1



1
0
...
0
0
0
...
0
−1


+ x2



0
1
...
0
0
0
...

−1
0


+ · · ·+ x(n−1)/2



0
0
...
1
0
−1
...
0
0


Thus

kerT = span





1
0
...
0
0
0
...
0
−1


,



0
1
...
0
0
0
...
−1
0


, . . . ,



0
0
...
1
0
−1
...
0
0




and since these vectors are independent, they form a basis of kerT and so dim(kerT ) = (n−1)/2
when n is odd. In summary,

dim(kerT ) =

{
n/2 even n
(n− 1)/2 odd n

= ⌊n/2⌋ =⇒ dim(imT ) = n−⌊n/2⌋ =

{
n/2 even n
(n+ 1)/2 odd n
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3.2

(a) Let A =

[
a b
c d

]
be a real matrix, with c not zero. Show that using conjugation by elementary

matrices, one can eliminate the “a” entry.

(b) Which matrices with c = 0 are similar to a matrix in which the “a” entry is zero?

Solution.

(a) Proof.
We want to find an invertible matrix P such that

P−1AP =

[
0 b′

c′ d′

]
One idea is to try to eliminate a via an operation like adding −a

c times the second row to
the first row. In this case, we want P−1 to be of the form

P−1 =

[
1 k
0 1

]
=⇒ P =

[
1 −k
0 1

]
Then

P−1AP =

[
1 k
0 1

] [
a b
c d

] [
1 −k
0 1

]
=

[
a+ kc b+ kd
c d

] [
1 −k
0 1

]
=

[
a+ kc −ka− k2c+ b+ kd
c −kc+ d

]
and indeed setting k = −a

c (as c ̸= 0) will clear out the “a” entry.

(b) We are now given the case A =

[
a b
0 d

]
is upper triangular. Note that if we want to eliminate

a via conjugation by elementary matrices, swapping and multiplying by scalars will not work
(swapping will simply transpose and multiplying will scale only the off-diagonal, neither of

which affects a). Also from (a) any P of the form P =

[
1 −k
0 1

]
will give

P−1AP =

[
a+ kc −ka− k2c+ b+ kd
c −kc+ d

]
=

[
a −ka+ b+ kd
0 d

]
which fails as well. Hence our last option is an elementary matrix of the form

P−1 =

[
1 0
k 1

]
=⇒ P =

[
1 0
−k 1

]
and now

P−1AP =

[
1 0
k 1

] [
a b
0 d

] [
1 0
−k 1

]
=

[
a b
ka kb+ d

] [
1 0
−k 1

]
=

[
a− kb b
ka kb+ d

]
Hence we can clear out a if and only if b ≠ 0 (by setting k = a

b ) or a = 0 originally (in which
case just take P = I).
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3.3

Let T : V → V be a linear operator on a vector space of dimension 2. Assume that T is not
multiplication by a scalar. Prove that there is a vector v in V such that (v, T (v)) is a basis of V ,
and describe the matrix T with respect to that basis.

Solution.

Proof.
Suppose otherwise, i.e. for every vector v ∈ V , T (v) and v are not independent. This means for
every v ∈ V , there exists a λ ∈ F (assuming V is a vector space over F ) such that T (v) = λv.
In particular, we have λ1, λ2, µ ∈ F such that

T

([
1
0

])
=

[
λ1
0

]
, T

([
0
1

])
=

[
0
λ2

]
, T

([
1
1

])
=

[
µ
µ

]
However by linearity we have[

µ
µ

]
= T

([
1
1

])
= T

([
1
0

])
+ T

([
0
1

])
=

[
λ1
0

]
+

[
0
λ2

]
=

[
λ1
λ2

]
=⇒ λ1 = λ2 = µ

But now for any v = [v1 v2]
t ∈ V , we have

T

([
v1
v2

])
= v1T

([
1
0

])
+ v2T

([
0
1

])
= v1

[
µ
0

]
+ v2

[
0
µ

]
=

[
µv1
µv2

]
= µ

[
v1
v2

]
and so T is multiplication by a scalar µ, which is a contradiction.

Now let v ∈ V be a vector such that (v, T (v)) is a basis of V . The matrix representation of T
with respect to this basis can be found by computing

T (v) = 0v + 1T (v) and T (T (v)) = αv + βT (v)

Hence the matrix representation with respect to this basis is
[
0 α
1 β

]
.

3.4

Let B be a complex n×n matrix. Prove or disprove: The linear operator T on the space of all n×n
matrices defined by T (A) = AB −BA is singular.

Solution.
T is always singular, as T (I) = B −B = 0 and so kerT ̸= {0}.

13



§4 - Eigenvectors

4.1

Let T be a linear operator on a vector space V , and let λ be a scalar. The eigenspace V (λ) is the set
of eigenvectors of T with eigenvalue λ, together with 0. Prove that V (λ) is a T -invariant subspace.

Solution.

Proof.
First note that V (λ) = ker(T − λI) and so it is a subspace. Now choose v ∈ V (λ). Then by
construction T (v) = λv. However, note that

T (λv) = λT (v) = λ(λv) =⇒ T (v) ∈ V (λ)

Thus V (λ) is a T -invariant subspace.

4.2

(a) Let T be a linear operator on a finite-dimensional vector space V , such that T 2 is the identity
operator. Prove that for any vector v in V , v − Tv is either an eigenvector with eigenvalue
−1, or the zero vector. With notation as in Exercise 4.1, prove that V is the direct sum of the
eigenspaces V (1) and V (−1).

(b) Generalize this method to prove that a linear operator T such that T 4 = I decomposes a complex
vector space into a sum of four eigenspaces.

Solution.

(a) First we prove that v − T (v) ∈ V (−1).

Proof.
If v − T (v) is not zero, then

T (v − T (v)) = T (v)− T 2(v) = T (v)− v = −1(v − T (v))

so it is an eigenvector with eigenvalue −1.

Next we prove that V = V (1) ⊕ V (−1).

Proof.
First note that

v ∈ V (1) ∩ V (−1) ⇐⇒ v = T (v) = −v ⇐⇒ v = 0

Thus V (1) ∩V (−1) = {0} so it suffices to show that V = V (1)+V (−1). Indeed, for any v ∈ V ,
since v + T (v) ∈ V (1) by T (v + T (v)) = T (v) + T 2(v) = T (v) + v, then

T (v) ∈ V (1), v − T (v) ∈ V (−1) =⇒ v = 1
2(v − T (v)) + 1

2(v + T (v)) ∈ V (1) + V (−1)

Therefore V = V (1) ⊕ V (−1) by Prop 3.6.6(c).
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(b) Proof.
Note that for any v ∈ V ,

T (v + T (v) + T 2(v) + T 3(v)) = T (v) + T 2(v) + T 3(v) + v =⇒ v + T (v) + T 2(v) + T 3(v) ∈ V (1)

T (v − T (v) + T 2(v)− T 3(v)) = T (v)− T 2(v) + T 3(v)− v =⇒ v − T (v) + T 2(v)− T 3(v) ∈ V (−1)

T (v − iT (v)− T 2(v) + iT 3(v)) = T (v)− iT 2(v)− T 3(v) + iv =⇒ v − iT (v)− T 2(v) + iT 3(v) ∈ V (i)

T (v + iT (v)− T 2(v)− iT 3(v)) = T (v) + iT 2(v)− T 3(v)− iv =⇒ v + iT (v)− T 2(v)− iT 3(v) ∈ V (−i)

and that

1
4 [v + T (v) + T 2(v) + T 3(v)]

+ 1
4 [v − T (v) + T 2(v)− T 3(v)]

+ 1
4 [v − iT (v)− T 2(v) + iT 3(v)]

+ 1
4 [v + iT (v)− T 2(v)− iT 3(v)]

= 1
4 [v + v + v + v]

+ 1
4 [T (v)− T (v)− iT (v) + iT (v)]

+ 1
4 [T

2(v) + T (v)− T 2(v)− T 2(v)]

+ 1
4 [T

3(v)− T 3(v) + iT 3(v)− iT 3(v)]

= v

Thus V = V (1) + V (−1) + V (i) + V (−i). By Exercise 3.5.3, it suffices to show that

V (1) ∩ V (−1) = {0}, (V (1) + V (−1)) ∩ V (i) = {0}, and (V (1) + V (−1) + V (i)) ∩ V (−i) = {0}

Indeed,
v ∈ V (1) ∩ V (−1) ⇐⇒ v = T (v) = −v =⇒ 2v = 0 =⇒ v = 0

So V (1), V (−1) are independent.
If v ∈ (V (1) + V (−1)) ∩ V (i), then there exists v1 ∈ V (1), v2 ∈ V (−1) such that v = v1 + v2
and so

iv = T (v) = T (v1+v2) = v1−v2 =⇒ i(v1+v2)−(v1−v2) = 0 =⇒ (i−1)v1+(i+1)v2 = 0

which by independence of V (1) and V (−1) forces v1 = v2 = 0, and hence v = 0 and
V (1), V (−1), V (i) are independent.
Similarly, if v ∈ (V (1)+V (−1)+V (i))∩V (−i), then there exists v1 ∈ V (1), v2 ∈ V (−1), v3 ∈ V (i)

such that v = v1 + v2 + v3 and so

−iv = T (v) = T (v1 + v2 + v3) = v1 − v2 + iv3 =⇒ −i(v1 + v2 + v3) = v1 − v2 + iv3

=⇒ (−i− 1)v1 + (−i+ 1)v2 + (−2i)v3 = 0

which by independence of V (1), V (−1), V (i) forces v1 = v2 = v3 = 0, and hence v = 0.
Therefore by Exercise 3.5.3 V = V (1) ⊕ V (−1) ⊕ V (i) ⊕ V (−i).
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4.3

Let T be a linear operator on a vector space V . Prove that if W1 and W2 are T -invariant subspaces
of V , then W1 +W2 and W1 ∩W2 are T -invariant.

Solution.

Proof.
(i) Choose w1 + w2 ∈W1 +W2. Then T (w1) ∈W1 and T (w2) ∈W2, thus

T (w1 + w2) = T (w1) + T (w2) ∈W1 +W2

Therefore W1 +W2 is T -invariant.
(ii) Choose w ∈W1 ∩W2. Then {

w ∈W1 =⇒ T (w) ∈W1

w ∈W2 =⇒ T (w) ∈W2

Thus T (w) ∈W1 ∩W2 and therefore W1 ∩W2 is T -invariant.

4.4

A 2×2 matrix A has an eigenvector v1 = (1, 1)t with eigenvalue 2 and also an eigenvector v2 = (1, 2)t

with eigenvalue 3. Determine A.

Solution. We are given that

Av1 = 2v1 =⇒ A

[
1
1

]
=

[
2
2

]
and Av2 = 3v2 =⇒ A

[
1
2

]
=

[
3
6

]
We can find the columns of A by computing Ae1 and Ae2:

A

[
1
0

]
= A

([
2
2

]
−
[
1
2

])
= A(2v1 − v2) = 2Av1 −Av2 = 2

[
2
2

]
−
[
3
6

]
=

[
1
−2

]

A

[
0
1

]
= A

([
1
2

]
−
[
1
1

])
= A(v2 − v1) = Av2 −Av1 =

[
3
6

]
−
[
2
2

]
=

[
1
4

]
Therefore

A =

[
1 1
−2 4

]
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4.5

Find all invariant subspaces of the real linear operator whose matrix is

(a)
[
1 1

1

]
, (b)

1 2
3


Solution.

Denote A =

[
1 1
0 1

]
and B =

1 0 0
0 2 0
0 0 3

.

(a) We proceed by dimension:

• Dimension 0: Only {0}.

• Dimension 1: We need to find a nonzero vector v such that for every kv ∈ span {v}, we
have A(kv) = kAv ∈ span {v}. Another way to word this is that v is an eigenvector of A.
Note that

Av = λv ⇐⇒
[
1 1
0 1

] [
v1
v2

]
=

[
v1 + v2
v2

]
=

[
λv1
λv2

]
⇐⇒

{
λ = 1

v2 = 0

Hence span
{
[1 0]t

}
is the only A-invariant subspace of dimension 1.

• Dimension 2: Only R2.
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(b) Again we proceed by dimension:

• Dimension 0: Only {0}.

• Dimension 1: As in (a), it is only the span of a single eigenvector. B has eigenvalues
of 1, 2, 3 with eigenvectors e1, e2, e3 respectively. Hence the B-invariant subspaces are
span {e1} , span {e2} , span {e3}.

• Dimension 2: The span of any two eigenvectors will work. More generally, if v1, . . . , vk are
eigenvectors of T with eigenvalues λ1, . . . , λk, then

T

(
k∑

i=1

αivi

)
=

k∑
i=1

αiT (vi) =
k∑

i=1

(αiλi)vi ∈ span {v1, . . . , vk}

so span {v1, . . . , vk} is a T -invariant subspace of dimension k. Hence we have the B-
invariant subspaces: span {e1, e2} , span {e2, e3} , span {e1, e3}.
To show that these are the only ones, let W be a 2-dimensional B-invariant subspace. Note
that we can restrict our original linear operator T to T |W :W →W , which will have the
same matrix representation B with respect to the standard basis. In particular, B being a
positive matrix means that T |W has a real eigenvalue λ, so there exists w ∈W such that
Bw = λw. But since B is the matrix representation of T , w must also be an eigenvector
of T and so λ ∈ {1, 2, 3} and w is a scalar multiple of e1, e2, e3. Suppose that w = ke1.
Then we have e1 ∈ W . Choose w′ ∈ W not in the span of e1, i.e. W = span {e1, w′}. If
we write w′ = ae1 + be2 + ce3, note that

Bw′ = ae1 + 2be2 + 3ce3

But by B-invariance we have Bw ∈W = span {e1, w′} so there exists α, β such that

Bw′ = αe1 + βw′ = αe1 + β(ae1 + be2 + ce3) = (α+ βb)e1 + βbe2 + βce3

Hence we have system 
a = α+ βb

2b = βb

3c = βc

=⇒

{
β = 2 or b = 0

β = 3 or c = 0

Since β cannot be both 2 and 3, we have b = 0 or c = 0. Furthermore, we cannot
have b = c = 0 since otherwise w′ = ae1 ∈ span {e1} which contradicts our choice of w′.
Hence exactly one of b, c is zero and thus w′ ∈ span {e1, e2} or w′ ∈ span {e1, e3} and
W = span {e1, e2} or W = span {e1, e3}. The other cases of w = ke2 and w = ke3 give
similar results, therefore we have W = span {ei, ej} for i ̸= j.

• Dimension 3: Only R3.
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4.6

Let P be the real vector space of polynomials p(x) = a0 + a1x+ · · ·+ anx
n of degree at most n, and

let D denote the derivative d
dx , considered as a linear operator on P .

(a) Prove that D is a nilpotent operator, meaning that Dk = 0 for sufficiently large k.

(b) Find the matrix of D with respect to a convenient basis.

(c) Determine all D-invariant subspaces of P .

Solution.

(a) Proof.

From the power rule ( d
dx(x

k) = kxk−1) we have that
dn+1

dxn+1
(xk) = 0 for all 0 ≤ k ≤ n. Hence

for any p(x) ∈ P ,

Dn+1(p(x)) = Dn+1(a0+a1x+· · ·+anxn) = a0D
n+1(1)+a1D

n+1(x)+· · ·+anDn+1(xn) = 0

Therefore Dn+1 = 0 and D is nilpotent.

(b) If we use the basis
1, x, x2, . . . , xn (⋆)

Then we have correspondence

a0 + a1x+ · · ·+ anx
n↭


a0
a1
...
an


and applying D to each basis vector gives

D(1) = 0↭


0
0
...
0
0

 , D(x) = 1↭


1
0
...
0
0

 , D(x2) = 2x↭


0
2
...
0
0

 , . . . , D(xn) = nxn−1↭


0
0
...
n
0


Hence the matrix associated to D with respect to basis (⋆) is

0 1 0 . . . 0
0 0 2 . . . 0
...

...
...

. . .
...

0 0 0 . . . n
0 0 0 . . . 0


(c) Since taking the derivative of a degree-k polynomial gives one of degree (k − 1), any D-

invariant subspace with a polynomial p must include all polynomials of degrees less than the
degree of p. Hence for k = n, . . . , 0,−1

W is a D-invariant subspace of P ⇐⇒ W = {p(x) ∈ P | deg(p) ≤ k} =: Pk

where P−1 = {0} and Pn = P .
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4.7

Let A =

[
a b
c d

]
be a real 2× 2 matrix. The condition that a column vector X be an eigenvector for

left multiplication by A is that AX = Y be a scalar multiple of X, which means that the slopes
s = x2/x1 and s′ = y2/y1 are equal.

(a) Find the equation in s that expresses this equality.

(b) Suppose that the entries of A are positive real numbers. Prove that there is an eigenvector in
the first quadrant and also one in the second quadrant.

Solution.

(a) We can compute

AX =

[
a b
c d

] [
x1
x2

]
=

[
ax1 + bx2
cx1 + dx2

]
Hence

s′ = s ⇐⇒ cx1 + dx2
ax1 + bx2

=
x2
x1

If we substitute x2 = x1s into the RHS we get

s =
x2
x1

=
cx1 + dx1s

ax1 + bx1s
=
x1(c+ ds)

x1(a+ bs)
=
c+ ds

a+ bs
=⇒ c+ ds = s(a+ bs) = as+ bs2

which rearranges to the quadratic bs2 + (a− d)s− c = 0 and is our desired equation in s.

(b) Proof.
From (a), finding an eigenvector X amounts to finding an s = x2/x1 such that the quadratic
f(s) = bs2 + (a− d)s− c has a root. Since we can scale the eigenvector by any scalar, we
can simply set x1 = 1 to begin with and thus s = x2 is the only value we vary. Furthermore,
we are given that a, b, c, d > 0, so

c > 0 =⇒ f(0) = −c < 0

b > 0 =⇒ f(s) → +∞ as s→ +∞
b > 0 =⇒ f(s) → +∞ as s→ −∞

Since f(s) is continuous, by the intermediate value theorem there must exist t1 > 0 and
t2 < 0 such that f(t1) = f(t2) = 0. But now [1 t1]

t and [1 t2]
t are eigenvectors in the first

and second quadrant respectively.
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4.8

Let T be a linear operator on a finite-dimensional vector space for which every nonzero vector is an
eigenvector. Prove that T is multiplication by a scalar.

Solution.

Proof.
Let V be a n-dimensional vector space over F with basis v1, . . . , vn and T : V → V a linear
operator. Now by assumption there exists λ1, . . . , λn, µ ∈ F such that

T (v1) = λ1v1, . . . , T (vn) = λnvn, and T (v1 + · · ·+ vn) = µ(v1 + · · ·+ vn)

But by linearity

µ(v1 + · · ·+ vn) = T (v1 + · · ·+ vn) = T (v1) + · · ·+ T (vn) = λ1v1 + · · ·+ λnvn

Hence
(µ− λ1)v1 + · · ·+ · · ·+ (µ− λn)vn = 0

and the independence of v1, . . . , vn forces µ = λi for i = 1, . . . , n. Now for any v ∈ V , there
exists α1, . . . , αn such that

v =
n∑

i=1

αivi =⇒ T (v) = T

(
n∑

i=1

αivi

)
=

n∑
i=1

αiT (vi) =
n∑

i=1

αiµvi = µ
n∑

i=1

αivi = µv

Hence T is simply multiplication by the scalar µ.
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§5 - The Characteristic Polynomial

5.1

Compute the characteristic polynomials and the complex eigenvalues and eigenvectors of

(a)
[
−2 2
−2 3

]
, (b)

[
1 i
−i 1

]
, (c)

[
cos θ − sin θ
sin θ cos θ

]
Solution.

(a) We have characteristic polynomial

p(t) = det(tI −A) = det

[
t+ 2 −2
2 t− 3

]
= (t2 − t− 6) + 4 = t2 − t− 2 = (t− 2)(t+ 1)

Thus we have eigenvalues λ1 = 2, λ2 = −1. To find eigenvectors, we have the system

2

[
x1
x2

] [
−2 2
−2 3

] [
x1
x2

]
=

[
−2x1 + 2x2
−2x1 + 3x3

]
=⇒

{
2x1 = −2x1 + 2x2

2x2 = −2x1 + 3x2
=⇒ x2 = 2x1

Hence
[
1
2

]
is an eigenvector with eigenvalue 2. Similarly

−1

[
x1
x2

] [
−2 2
−2 3

] [
x1
x2

]
=

[
−2x1 + 2x2
−2x1 + 3x3

]
=⇒

{
−x1 = −2x1 + 2x2

−x2 = −2x1 + 3x2
=⇒ x2 =

1
2x1

Hence
[
2
1

]
is an eigenvector with eigenvalue −1.

(b) We have characteristic polynomial

p(t) = det(tI −B) = det

[
t− 1 −i
i t− 1

]
= (t2 − 2t+ 1)− 1 = t(t− 2)

Thus we have eigenvalues λ1 = 0, λ2 = 2. To find eigenvectors, we have the system

0

[
x1
x2

]
=

[
1 i
−i 1

] [
x1
x2

]
=

[
x1 + ix2
−ix1 + x2

]
=⇒

{
0 = x1 + ix2

0 = −ix1 + x2
=⇒ x2 = ix1

Hence
[
1
i

]
is an eigenvector with eigenvalue 0. Similarly

2

[
x1
x2

]
=

[
1 i
−i 1

] [
x1
x2

]
=

[
x1 + ix2
−ix1 + x2

]
=⇒

{
2x1 = x1 + ix2

2x2 = −ix1 + x2
=⇒ x2 = −ix1

Hence
[
1
−i

]
is an eigenvector with eigenvalue 2.
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(c) We have characteristic polynomial

p(t) = det(tI − C) = det

[
t− cos θ sin θ
− sin θ t− cos θ

]
= (t2 − 2t cos θ + cos2 θ) + sin2 θ = t2 − (2 cos θ)t+ 1

and the quadratic formula gives eigenvalues

λ =
2 cos θ ±

√
4 cos2 θ − 4

2
= cos θ ± 1

2

√
−4 sin2 θ = cos θ ± i sin θ

To find eigenvectors, we have the system

(cos θ + i sin θ)

[
x1
x2

]
=

[
cos θ − sin θ
sin θ cos θ

] [
x1
x2

]
=

[
x1 cos θ − x2 sin θ
x1 sin θ + x2 cos θ

]
=⇒

{
x1 cos θ + x1i sin θ = x1 cos θ − x2 sin θ

x2 cos θ + x2i sin θ = x1 sin θ + x2 cos θ
=⇒ x2 = −ix1

Hence
[
1
−i

]
is an eigenvector with eigenvalue cos θ + i sin θ. Similarly

(cos θ − i sin θ)

[
x1
x2

]
=

[
cos θ − sin θ
sin θ cos θ

] [
x1
x2

]
=

[
x1 cos θ − x2 sin θ
x1 sin θ + x2 cos θ

]
=⇒

{
x1 cos θ − x1i sin θ = x1 cos θ − x2 sin θ

x2 cos θ − x2i sin θ = x1 sin θ + x2 cos θ
=⇒ x2 = ix1

Hence
[
1
i

]
is an eigenvector with eigenvalue cos θ − i sin θ.
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5.2

The characteristic polynomial of the matrix below is t3 − 4t− 1. Determine the missing entries.0 1 2
1 1 0
1 ∗ ∗


Solution.
If we write our matrix as

A =

0 1 2
1 1 0
1 x y


We get characteristic polynomial

p(t) = det(tI −A) = det

 t −1 −2
−1 t− 1 0
−1 −x t− y


= −2(x+ t− 1) + (t− y)(t2 − t− 1)

= t3 + (−1− y)t2 + (−3 + y)t+ (2− 2x+ y)

So for it to equal t3 − 4t− 1, we need −1− y = 0 =⇒ y = −1 and

−1 = 2− 2x+ y = 1− 2x =⇒ x = 1

Thus the missing entries are x = 1 and y = −1.

Another quicker approach follows when one can note from the characteristic polyno-
mial that the trace of A must be zero, hence y = −1 follows immediately. The characteristic
polynomial also says that detA = 1, and with y = −1 we have detA = 2x− 1 and thus x = 1.

24



5.3

What complex numbers might be eigenvalues of a linear operator such that
(a) T r = I, (b) T 2 − 5T + 6I = 0?

Solution.
First note for any linear operator T , if v is an eigenvector with eigenvalue λ, then

T k(v) = T k−1(λv) = T k−2(λ2v) = · · · = λkv

Thus for any “polynomial” linear operator anTn + · · ·+ a1T + a0I, we have

(anT
n + · · ·+ a1T + a0I)(v) = anT

n(v) + · · ·+ a1T (v) + a0I(v) = (anλ
n + · · ·+ a1λ+ a0)v

With this fact we can now answer the exercise.

(a) If T r = I for some r, then any eigenvector v with eigenvalue λ will have

v = I(v) = T r(v) = λrv =⇒ λr = 1

Thus any eigenvalue λ is an r-th root of unity (assuming r is the smallest such value where
T r = I).

(b) If T 2 − 5T + 6I = 0, then any eigenvector v with eigenvalue λ will have

0 = (T 2 − 5T + 6I)(v) = (λ2 − 5λ+ 6)v =⇒ 0 = λ2 − 5λ+ 6 = (λ− 3)(λ− 2)

Thus any eigenvalue is either λ = 3 or λ = 2.
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5.4

Find a recursive relation for the characteristic polynomial of the k × k matrix

0 1
1 0 1

1 . .
. . .

. . 1
1 0


and compute the polynomial for k ≤ 5.

Solution.
Denote Ak to be the k × k matrix above and pk(t) its characteristic polynomial. Then

pk(t) = det(tI −Ak) = det


t −1
−1 t −1

−1 t −1
. . .

. . −1
−1 t



= tdet


t −1
−1 t −1

. . .
. . −1

−1 t


︸ ︷︷ ︸

tI−Ak−1

+1det


−1
−1 t −1

. . .
. . −1

−1 t

+ 0 + . . .

= tpk−1(t) + 1


−1 det


t −1
. . .

. . −1
−1 t


︸ ︷︷ ︸

tI−Ak−2

+0 + . . .


= tpk−1(t)− pk−2(t)

where we expanded along the first column in the first determinant computation and then
expanded along the first row in the second determinant computation. Thus we have

• p1(t) = det
[
t
]
= t

• p2(t) = det

[
t −1
−1 t

]
= t2 − 1

• p3(t) = tp2(t)− p1(t) = t(t2 − 1)− t = t3 − 2t

• p4(t) = tp3(t)− p2(t) = t(t3 − 2t)− (t2 − 1) = t4 − 3t2 + 1

• p5(t) = tp4(t)− p3(t) = t(t4 − 3t2 + 1)− (t3 − 2t) = t5 − 4t3 + 3t
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5.5

Which real 2×2 matrices have real eigenvalues? Prove that the eigenvalues are real if the off-diagonal
entries have the same sign.

Solution.

Let A =

[
a b
c d

]
be a real 2× 2 matrix. Then it has characteristic polynomial

p(t) = det(tI −A) = det

[
t− a −b
−c t− d

]
= (t− a)(t− d)− bc = t2 − (a+ d)t+ (ad− bc)

The roots of this quadratic are the eigenvalues of A, so we get real eigenvalues λ1, λ2 if and only
if the discriminant of p(t) is ≥ 0, i.e.

λ1, λ2 ∈ R ⇐⇒ (a+ d)2 − 4(ad− bc) ≥ 0

⇐⇒ (a2 + 2ad+ d2)− 4ad+ 4bc ≥ 0

⇐⇒ (a2 − 2ad+ d2) + 4bc ≥ 0

⇐⇒ (a− d)2 ≥ −4bc

Thus the set of all matrices with real eigenvalues is{[
a b
c d

] ∣∣∣∣ (a− d)2 ≥ −4bc

}
In particular, if the off-diagonal entries of A have the same sign, then bc ≥ 0 =⇒ −4bc ≤ 0 and
(a− d)2 is always nonnegative, hence

(a− d)2 ≥ 0 ≥ −4bc

and A has real eigenvalues.
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5.6

Let V be a vector space with basis (v0, . . . , vn) and let a0, . . . , an be scalars. Define a linear operator
T on V by the rules T (vi) = vi+1 if i < n and T (vn) = a0v0 + a1v1 + · · · + anvn. Determine the
matrix of T with respect to the given basis, and the characteristic polynomial of T .

Solution.
Let A be the matrix representation of T with respect to v1, . . . , vn. Then applying T to each
basis vector gives

T (v0) = v1↭


0
1
0
...
0

 , T (v1) = v2↭


0
0
1
...
0

 , . . . , T (vn−1) = vn↭


0
0
0
...
1


and finally

T (vn) = a0v0 + a1v1 + · · ·+ anvn↭


a0
a1
a2
...
an


Thus stacking these as columns of A gives

A =


0 0 . . . 0 a0
1 0 . . . 0 a1
0 1 . . . 0 a2
...

...
. . .

...
...

0 0 . . . 1 an


We then have characteristic polynomial (via expanding across the first row)

p(t) = det(tI −A) = det



t 0 . . . 0 0 −a0
−1 t . . . 0 0 −a1

0 −1
. . . 0 0 −a2

...
...

. . .
. . .

...
...

0 0 . . . −1 t −an−1

0 0 . . . 0 −1 −an



= tdet


t . . . 0 0 −a1

−1
. . . 0 0 −a2

...
. . .

. . .
...

...
0 . . . −1 t −an−1

0 . . . 0 −1 −an

+ (−1)n+1a0 det


−1 t . . . 0 0

0 −1
. . . 0 0

...
...

. . .
. . .

...
0 0 . . . −1 t
0 0 . . . 0 −1


=: tp1(t) + (−1)n+1a0(−1)n

= tp1(t)− a0
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where pi(t) is the characteristic polynomial of our original problem but on the vector space
V ′ = span {vi, vi+1, . . . , vn} and scalars ai, ai+1, . . . , an. In this case the above shows the recursive
relation pi(t) = tpi+1(t)− ai. Thus if we start from i = n, we can work back down to our desired
p(t) = p0(t) via

pn(t) = det[t− an] = t− an

pn−1(t) = tpn(t)− an−1 = t(t− an)− an−1 = t2 − ant− an−1

pn−2(t) = tpn−1(t)− an−2 = t(t2 − ant− an−1)− an−2 = t3 − ant
2 − an−1t− an−2

. . .

p(t) = p0(t) = tn+1 − ant
n − an−1t

n−1 − · · · − a1t− a0

29



5.7

Do A and At have the same eigenvectors? the same eigenvalues?

Solution.

They do not (in general) have the same eigenvectors, e.g. from Exercise 5.1
[
−2 2
−2 3

]
has

eigenvector [1 2]t with eigenvalue 2 but[
−2 2
−2 3

]t [
1
2

]
=

[
−2 −2
2 3

] [
1
2

]
=

[
−6
8

]
̸= λ

[
1
2

]
so [1 2]t is not an eigenvector of At. However, we claim that A and At do share eigenvalues.

Proof.
Let λ be an eigenvalue of A. Then in particular p(λ) = 0 for the characteristic polynomial of A,
i.e. det(λI −A) = 0. But det(B) = det(Bt) (from Corollary 1.4.15(b)) implies that

0 = det(λI −A) = det((λI −A)t) = det((λI)t −At) = det(λI −At)

Hence λ is an eigenvalue of At. The same argument shows that any eigenvalue of At is an
eigenvalue of A, therefore the two matrices have the same eigenvalues.
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5.8

Let A = (aij) be a 3× 3 matrix. Prove that the coefficient of t in the characteristic polynomial is
the sum of the symmetric 2× 2 minors

det

[
a11 a12
a21 a22

]
+ det

[
a11 a13
a31 a33

]
+ det

[
a22 a23
a32 a33

]

Solution.

Proof.
Write

A =

a11 a12 a13
a21 a22 a23
a31 a32 a33


Then we have characteristic polynomial

det(tI −A) = det

t− a11 −a12 −a13
−a21 t− a22 −a23
−a31 −a32 t− a33


= (t− a11) det

[
t− a22 −a23
−a32 t− a33

]
+ a21 det

[
−a12 −a13
−a32 t− a33

]
− a31 det

[
−a12 −a13
t− a22 −a23

]
= (t− a11)[(t− a22)(t− a33)− a23a32]

+ a21[−a12(t− a33)− a13a32]

− a31[a12a23 + a13(t− a22)]

= [t3 − (a11 + a22 + a33)t
2 + (a22a33 − a23a32 + a11a22 + a11a33)t+ k1]

+ [−a12a21t+ k2]

+ [−a13a31t+ k3]

= t3 − (trA)t2 + [a22a33 − a23a32 + a11a22 + a11a33 − a12a21 − a13a31]t+ detA

And indeed the coefficient of the t term is equal to

(a11a22 − a12a21) + (a22a33 − a23a32)+(a11a33 − a13a31)

= det

[
a11 a12
a21 a22

]
+ det

[
a11 a13
a31 a33

]
+ det

[
a22 a23
a32 a33

]
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5.9

Consider the linear operator of left multiplication by an m×m matrix A on the space Fm×m of all
m×m matrices. Determine the trace and determinant of this operator.

Solution.
Denote this operator LA : X 7→ AX. First note that if v ∈ Fm is an eigenvector of A with
eigenvalue λ, then for any w ∈ Fm we have

LA(vw
t) = A(vwt) = (Av)wt = (λv)wt = λ(vwt)

Also note that we can constructm linearly independent matrices starting from v, e.g. vet1, . . . , vetm.
Hence for every eigenvalue λ of A, we get m linearly independent matrices with that eigenvalue
(not counting multiplicity). Therefore

tr(A) =
∑

λ eigenvalue

λ =⇒ tr(LA) =
∑

λ eigenvalue

mλ = m tr(A)

and
det(A) =

∏
λ eigenvalue

λ =⇒ det(LA) =
∏

λ eigenvalue

λm = (detA)m

5.10

Let A and B be n× n matrices. Determine the trace and the determinant of the operator on the
space Fn×n defined by M ⇝ AMB.

Solution.
Denote this operator T :M 7→ AMB. Like in Exercise 5.9, note that if v is an eigenvector of A
with eigenvalue λ and w is an eigenvector of Bt with eigenvalue µ, then

T (vwt) = A(vwt)B = (Av)(wtB) = (Av)(Btw)t = (λv)(µw)t = (λµ)vwt

Therefore we have (not counting multiplicity)

tr(T ) =
∑

λ eigenvalue A

∑
µ eigenvalue B

λµ =

 ∑
λ eigenvalue A

λ

 ∑
µ eigenvalue B

µ

 = (trA)(trB)

and

det(T ) =
∏

λ eigenvalue A

∏
µ eigenvalue B

λµ =

 ∏
λ eigenvalue A

λn

 ∏
µ eigenvalue B

µn

 = (detA)n(detB)n
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§6 - Triangular and Diagonal Forms

6.1

Let A be an n× n matrix whose characteristic polynomial factors into linear factors:
p(t) = (t− λ1) . . . (t− λn). Prove that trA = λ1 + · · ·+ λn, that detA = λ1 . . . λn.

Solution.

Proof.
By Corollary 4.6.4(b), there is a matrix P ∈ GLn(F ) such that B := P−1AP is upper triangular.
By Prop 4.5.11, the characteristic polynomial of B is the same as A, i.e. p(t), and by Corollary
4.5.9 the eigenvalues of B are the roots of p(t), thus B has eigenvalues λ1, . . . , λn. Now since
B is upper triangular, its eigenvalues must be its diagonal entries by Prop 4.5.10 and so by
definition

trB = λ1 + · · ·+ λn

However (e.g. from Exercise 1.M.3) we have

trA = tr(P−1AP ) = trB = λ1 + · · ·+ λn

Furthermore, the determinant of an upper triangular matrix is the product of the diagonal
entries (e.g. from Exercise 1.4.6) and so detB = λ1 . . . λn and again

detA = det(P−1AP ) = detB = λ1 . . . λn
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6.2

Suppose that a complex n × n matrix A has distinct eigenvalues λ1 . . . λn, and let v1, . . . , vn be
eigenvectors with these eigenvalues.

(a) Show that every eigenvector is a multiple of one of the vectors vi.

(b) Show how one can recover the matrix from the eigenvalues and eigenvectors.

Solution.

(a) Proof.
Let w be an eigenvector of A, say Aw = µw for some µ ∈ C. By Prop 4.5.14, A has at most
n eigenvalues so by distinctness we have µ = λi for some 1 ≤ i ≤ n. Note that by Prop 4.6.5
we have that v1, . . . , vn forms a basis of Cn, thus there exists unique α1, . . . , αn ∈ C such
that w =

∑
αjvj . Thus

µw = µ

 n∑
j=1

αjvj

 =
n∑

j=1

(µαj)vj (†)

However as µ is an eigenvalue, we also have

µw = Aw = A

 n∑
j=1

αjvj

 =
n∑

j=1

αj(Avj) =
n∑

j=1

αj(λjvj) =
n∑

j=1

(λjαj)vj (⋆)

Hence from (†) and (⋆) we get

0 = µw − µw =

n∑
j=1

(µαj)vj −
n∑

j=1

(λjαj)vj =

n∑
j=1

(µ− λj)αjvj

Now by linear independence this forces (µ− λj)αj = 0 for all j = 1, . . . , n. However since
µ = λi, by distinctness we have (µ− λj) ̸= 0 for all j ̸= i and so αj = 0 for j ̸= i. Therefore

w = α1v1 + · · ·+ αivi + · · ·+ αnvn = 0 + · · ·+ αivi + · · ·+ 0 = αivi

and w is a multiple of vi.

(b) Proof.
It suffices to recover the jth column of A, i.e. calculate Aej . Note that by Prop 4.6.5 we
have that v1, . . . , vn forms a basis of Cn, thus there exists unique α1, . . . , αn ∈ C such that
ej =

∑
αivi. Then

Aej = A

(
n∑

i=1

αivi

)
=

n∑
i=1

αi(Avi) =

n∑
i=1

αi(λivi) =

n∑
i=1

(αiλi)vi

which are all known scalars and vectors.
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6.3

Let T be a linear operator that has two linearly independent eigenvectors with the same eigenvalue
λ. Prove that λ is a multiple root of the characteristic polynomial of T .

Solution.

Proof.
Let v, w be linearly independent vectors such that T (v) = λv and T (w) = λw. Extend v, w to a
basis v, w, b1, . . . , bn and let A be the matrix of T with respect to this basis. Then it will have
the form

A =


λ 0
0 λ

0

0 B


where B is a n× n matrix. Now by definition the characteristic polynomial p(t) of T is

p(t) = det(tI −A) = det


t− λ 0
0 t− λ

0

0 tIn −B


= (t− λ) det

 t− λ 0

0 tIn −B


= (t− λ)2 det(tIn −B)

Therefore λ is a multiple root of p(t).
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6.4

Let A =

[
2 1
1 2

]
. Find a matrix P such that P−1AP is diagonal, and find a formula for the matrix

A30.

Solution.
We first find an eigenbasis. The eigenvalues of A are 3 and 1, which have corresponding
eigenvectors v = [1 1]t and w = [1 − 1]t. Hence our basechange matrix is

P =

[
1 1
1 −1

]
and P−1 = −1

2

[
−1 −1
−1 1

]
and indeed

P−1AP = −1

2

[
−1 −1
−1 1

] [
2 1
1 2

] [
1 1
1 −1

]
= −1

2

[
−3 −3
−1 1

] [
1 1
1 −1

]
=

[
3 0
0 1

]
is diagonal. Now (P−1AP )30 = P−1A30P means

A30 = P (P−1AP )30P−1 = −1

2

[
1 1
1 −1

] [
3 0
0 1

]30 [−1 −1
−1 1

]
= −1

2

[
1 1
1 −1

] [
330 0
0 1

] [
−1 −1
−1 1

]
= −1

2

[
330 1
330 −1

] [
−1 −1
−1 1

]
=

1

2

[
330 + 1 330 − 1
330 − 1 330 + 1

]
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6.5

In each case, find a complex matrix P such that P−1AP is diagonal.

(a)
[
1 i
−i 1

]
, (b)

0 0 1
1 0 0
0 1 0

, (c)
[
cos θ − sin θ
sin θ cos θ

]

Solution.

(a) We have eigenvalues 0 and 2 with eigenvectors [1 i]t and [1 − i]t respectively (see Exercise
5.1(b)). These vectors give an eigenbasis with basechange matrix

P =

[
1 1
i −i

]
and indeed

P−1AP =

[
0 0
0 2

]
(b) Note that the characteristic polynomial of the matrix is p(t) = t3 − 1, so our eigenvalues are

the cube roots of unity, i.e.

λ1 = 1, λ2 = e2π/3i = −1
2 + 1√

3
i, λ3 = e4π/3i = −1

2 − 1√
3
i

These have corresponding eigenvectors

v1 =

11
1

 , v2 =

 1
λ3
λ2

 , v3 =

 1
λ2
λ3


This gives an eigenbasis with basechange matrix

P =

1 1 1
1 λ3 λ2
1 λ2 λ3


(c) We have eigenvalues cos θ + i sin θ and cos θ − i sin θ with eigenvectors [1 − i]t and [1 i]t

respectively (see Exercise 5.1(c)). These vectors give an eigenbasis with basechange matrix

P =

[
1 1
−i i

]
and P−1 =

1

2i

[
i −1
i 1

]
=

1

2

[
1 i
1 −i

]
and indeed

P−1AP =

[
cos θ + i sin θ 0

0 cos θ − i sin θ

]
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6.6

Suppose that A is diagonalizable. Can the diagonalization be done with a matrix P in the special
linear group?

Solution.
We claim yes.

Proof.
By assumption there exists an invertible n× n matrix P such that P−1AP is diagonal. Now set

Q :=
1

n
√
detP

P

First note that Q ∈ SLn(C) as

detQ = det( 1
n√
detP

P ) = ( 1
n√
detP

)n · detP = 1
detP · detP = 1

Also, we have Q−1 = ( n
√
detP )P−1 since(
1

n
√
detP

P

)(
(

n
√
detP )P−1

)
=

n
√
detP

n
√
detP

PP−1 = I

Finally,

Q−1AQ =
(
(

n
√
detP )P−1

)
A

(
1

n
√
detP

P

)
=

n
√
detP

n
√
detP

P−1AP = P−1AP

which is diagonal.

6.7

Prove that if A and B are n× n matrices and A is nonsingular, then AB is similar to BA.

Solution.

Proof.
A−1(AB)A = BA
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6.8

A linear operator T is nilpotent if some positive power T k is zero. Prove that T is nilpotent if and
only if there is a basis of V such that the matrix of T is upper triangular, with diagonal entries zero.

Solution.

Proof.
=⇒ : Suppose that T is nilpotent, i.e. T k is zero for k > 0.
First note that T is not invertible since for any matrix representation A, we have

0 = det(Ak) = (detA)k

and so detA = 0. By rank-nullity, if dimV = n, then we have dimkerT > 0 and dim imT < n.
We now induct on n.
Base Case: n = 1: Then we have T is just multiplication by a scalar, which must be zero as it is
nilpotent, i.e. k = 1. Then any matrix representation of T is just zero.
IH: Assume the result holds for any dimension less than n. If we set W := imT , then from the
reasoning above we have that m := dimW < n. Furthermore, note that for any v ∈W ⊂ V , we
clearly have T (v) ∈W and so W is T -invariant. Thus the restriction T |W is a linear operator,
and it is nilpotent as (T |W )k is zero. Therefore the IH applies and we have a basis b1, . . . , bm of
W such that the matrix of T |W is strictly upper triangular, i.e.

T (b1) = 0 and T (bi) ∈ span {b1, . . . , bi−1} for i = 2, . . . ,m

Now extend this to a basis b1, . . . , bm, bm+1, . . . , bn of V . Indeed, now note for j = m+ 1, . . . , n
we have

T (bj) ∈ imT =W = span {b1, . . . , bm} ⊂ span {b1, . . . , bm, . . . , bj−1}

Therefore the matrix with respect to b1, . . . , bn is strictly upper triangular.

⇐= : Suppose that b1, . . . , bn is a basis of V such that the matrix with respect to this
basis is strictly upper triangular. We claim that Tn is zero.
Set W0 := {0} and Wi := span {b1, . . . , bi} for i = 1, . . . , n. Then note that since the matrix is
strictly upper triangular,

T (b1) = 0 and T (bi) ∈ span {b1, . . . , bi−1} =Wi−1 for i = 2, . . . , n

Thus we have T (Wi) ⊂Wi−1, which after repeatedly applying T gives the chain

Tn(Wn) ⊂ Tn−1(Wn−1) ⊂ · · · ⊂ T (W1) ⊂W0 = {0}

But Wn = span {b1, . . . , bn} = V and so Tn(V ) ⊂ {0} implies Tn(v) = 0 for every v ∈ V , i.e.
Tn is zero and therefore T is nilpotent.
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6.9

Find all real 2× 2 matrices such that A2 = I, and describe geometrically the way they operate by
left multiplication on R2.

Solution.
First note that A2 = I implies that detA = ±1. Also, we must have A−1 = A and so

A =

[
a b
c d

]
= ±1

[
d −b
−c a

]
If detA = 1, then this forces b = c = 0 and a = d = 1, i.e. A = I, or a = d = −1, i.e. A = −I.
If detA = −1, this forces d = −a and bc = 1− a2. Therefore{

A =

[
a b
c d

] ∣∣∣∣ A2 = I

}
= {I,−I} ∪

{[
a b
c −a

] ∣∣∣∣ bc = 1− a2
}

Geometrically, I is the identity transformation and −I is a rotation of 180 degrees.

We claim all other involutory matrices represent a reflection. Given A, note that detA = −1 and
trA = 0 forces its characteristic polynomial to be p(t) = t2 − 1, hence A has eigenvalues 1,−1.
If v1 has eigenvalue 1 and v2 has eigenvalue −1, then for any vector av1 + bv2 ∈ R2, we have

A(av1 + bv2) = aA(v1) + bA(v2) = av1 − bv2

Hence the line span {v1} is our line of reflection.
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6.10

Let M be a matrix made up of two diagonal blocks: M =

[
A 0
0 D

]
. Prove that M is diagonalizable

if and only if A and D are diagonalizable.

Solution.

Proof.
=⇒ : Suppose that M (acting on the vector space V ) is diagonalizable. Then by Prop 4.4.8(b)
there is a basis of eigenvectors v1, . . . , vn, vn+1, . . . , vn+m ∈ V (where A is n×n and D is m×m).
Note that if we write these eigenvectors in block form, i.e.

vi =

[
xi
yi

]
Then

λivi =Mvi =⇒
[
λixi
λiyi

]
=

[
A 0
0 D

] [
xi
yi

]
=

[
Aai
Dbi

]
so xi is either zero or an eigenvector of A, and yi is either zero or an eigenvector of D. If A acts
on vectors in W , then we can define the projection map via

π : V →W vi 7→ xi

and extending linearly. This map is surjective (since for any w ∈W , we have [w 0]t ∈ V a linear
combination of the vi’s) and so the spanning v1, . . . , vn+m must map to a spanning set of W .
Thus we have W = span {x1, . . . , xn+m}. Now removing all zero vectors and linearly dependent
vectors will form an eigenbasis for A, which by Prop 4.4.8(b) means A is diagonalizable. The
same argument projecting to the yi’s shows that D is also diagonalizable.

⇐= : Suppose that A and D are diagonalizable, i.e. there exists P,Q such that P−1AP and
Q−1DQ are diagonal. Now note that[

P−1 0
0 Q−1

] [
A 0
0 D

] [
P 0
0 Q

]
=

[
P−1AP 0

0 Q−1DQ

]
is diagonal and that[

P 0
0 Q

] [
P−1 0
0 Q−1

]
=

[
PP−1 0

0 QQ−1

]
= I =⇒

[
P 0
0 Q

]−1

=

[
P−1 0
0 Q−1

]

So for R =

[
P 0
0 Q

]
, we have R−1MR is diagonal and therefore M is diagonalizable.
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6.11

Let A =

[
a b
c d

]
be a 2× 2 matrix with eigenvalue λ.

(a) Show that unless it is zero, the vector (b, λ− a)t is an eigenvector.

(b) Find a matrix P such that P−1AP is diagonal, assuming that b ≠ 0 and that A has distinct
eigenvalues.

Solution.

(a) Proof.
Let µ be the other complex eigenvalue of A (possibly µ = λ). Then we have{

λ+ µ = trA = a+ d

λµ = detA = ad− bc

Now[
a b
c d

] [
b

λ− a

]
=

[
ab+ λb− ab
bc+ λd− ad

]
=

[
λb

λd− (ad− bc)

]
=

[
λb

λd− λµ

]
= λ

[
b

d− µ

]
= λ

[
b

λ− a

]
Therefore [b λ− a]t is an eigenvector with eigenvalue λ.

(b) From (a), we have eigenvectors [b λ− a]t and [b µ− a]t. Thus we have an eigenbasis with
basechange matrix

P =

[
b b

λ− a µ− a

]
and P−1 =

1

b(µ− λ)

[
µ− a −b
a− λ b

]
Note that P is invertible since b ̸= 0 and λ ̸= µ by assumption. Now indeed

P−1AP =
1

b(µ− λ)

[
µ− a −b
a− λ b

] [
a b
c d

] [
b b

λ− a µ− a

]
=

1

b(µ− λ)

[
µ− a −b
a− λ b

] [
λb µb

λ(λ− a) µ(µ− a)

]
=

1

b(µ− λ)

[
λµb− λ2b 0

0 −λµb+ µ2b

]
=

1

b(µ− λ)

[
λb(µ− λ) 0

0 µb(µ− λ)

]
=

[
λ 0
0 µ

]
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§7 - Jordan Form



N.B. I use the convention of k × k Jordan blocks being written as

Jk(λ) :=


λ 1

λ
. . .

. . . 1
λ


i.e. the transpose of Artin’s Jλ, and the Jordan form being written as

J =

Jk1(λ1) . . .

Jkℓ(λℓ)

 =: Jk1(λ1)⊕ · · · ⊕ Jkℓ(λℓ)

I believe this is the more common practice, and the results in Artin about Jordan blocks
and Jordan form—as written like this—still hold, as the only difference in the proofs is
how the basis gets ordered, see Exercise 7.8.



7.1

Determine the Jordan form of the matrix

1 1 0
0 1 0
0 1 1

.

Solution.
Note that we have characteristic polynomial

p(t) = det

t− 1 −1 0
0 t− 1 0
0 −1 t− 1

 = (t− 1)3

Hence we have eigenvalue λ = 1 with multiplicity 3. Next note that

im(A− λI) = im

0 1 0
0 0 0
0 1 0

 = span


10
1


and so by rank-nullity we have ker(A−λI) has dimension 3−1 = 2, i.e. the space of eigenvectors
with eigenvalue λ = 1 is two-dimensional, i.e. λ = 1 has two Jordan blocks. Since λ = 1 is our
only eigenvalue, our 3× 3 Jordan matrix J must consist of these two blocks. This forces

J = J2(1)⊕ J1(1) =

1 1 0
0 1 0
0 0 1


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7.2

Prove that A =

 1 1 1
−1 −1 −1
1 1 1

 is an idempotent matrix, i.e., that A2 = A, and find its Jordan

form.

Solution.

Proof.
We can prove this via a direct computation of A2, but note that

A =

 1 1 1
−1 −1 −1
1 1 1

 =

 1
−1
1

 [1 1 1
]
=: vwt

Hence
A2 = (vwt)(vwt) = v(wtv)wt = v(1)wt = vwt = A

To find its Jordan form, we have characteristic polynomial

p(t) = det

t− 1 −1 −1
1 t+ 1 1
−1 −1 t− 1

 = t2(t− 1)

Hence we have eigenvalues λ1 = 1 with multiplicity 1 and λ2 = 0 with multiplicity 2. Now note
that

im(A− λ2I) = imA = span


 1
−1
1


and so by rank-nullity ker(A− λ2I) has dimension 3− 1 = 2 and λ2 = 0 has two Jordan blocks.
Since we need a 1× 1 Jordan block for λ1 = 1 this forces the Jordan form of A to be

J = J1(1)⊕ J1(0)⊕ J1(0) =

1 0 0
0 0 0
0 0 0


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7.3

Let V be a complex vector space of dimension 5, and let T be a linear operator on V whose
characteristic polynomial is (t− λ)5. Suppose that the rank of the operator T − λI is 2. What are
the possible Jordan forms for T?

Solution.
By rank-nullity ker(T − λI) has dimension 5− 2 = 3, so λ must have 3 Jordan blocks. Since the
Jordan form is a 5× 5 matrix and λ is our only eigenvalue (as the characteristic polynomial is
(t−λ)5)), we need to partition 5 into a sum of three positive integers, which can only be done by

5 = 3 + 1 + 1 = 2 + 2 + 1

Hence the possible Jordan forms for T is either

J3(λ)⊕ J1(λ)⊕ J1(λ) =


λ 1

λ 1
λ

λ
λ


or

J2(λ)⊕ J2(λ)⊕ J1(λ) =


λ 1

λ
λ 1

λ
λ


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7.4

(a) Determine all possible Jordan forms for a matrix whose characteristic polynomial is (t+2)2(t−5)3.

(b) What are the possible Jordan forms for a matrix whose characteristic polynomial is (t+2)2(t−5)3,
when space of eigenvectors with eigenvalue −2 is one-dimensional, and the space of eigenvectors
with eigenvalue 5 is two-dimensional?

Solution.

(a) All that we are given is that we have eigenvalues λ1 = −2 with multiplicity 2 and λ2 = 5
with multiplicity 3. Then for λ1 we can have either 1 or 2 Jordan blocks and for λ2 we
can have either 1, 2, or 3 Jordan blocks, giving six possible Jordan forms in total (up to
reordering); namely:

1. J2(−2)⊕ J3(5)

2. J1(−2)⊕ J1(−2)⊕ J3(5)

3. J2(−2)⊕ J2(5)⊕ J1(5)

4. J1(−2)⊕ J1(−2)⊕ J2(5)⊕ J1(5)

5. J2(−2)⊕ J1(5)⊕ J1(5)⊕ J1(5)

6. J1(−2)⊕ J1(−2)⊕ J1(5)⊕ J1(5)⊕ J1(5)

(b) If dimker(T − λ1I) = 1 and dimker(T − λ2I) = 2, then this forces λ1 = −2 to have 1
Jordan block and λ2 = 5 to have 2 Jordan blocks. This then forces the Jordan form to be
J2(−2)⊕ J2(5)⊕ J1(5).

7.5

What is the Jordan form of a matrix A all of whose eigenvectors are multiples of a single vector?

Solution.
Suppose every eigenvector is in span {v} for some vector v. If w is an eigenvector with eigenvalue
λ, then we can write w = kv and note that

A(kv) = Aw = λw = λ(kv) =⇒ Av = λv

so v is an eigenvector with eigenvalue λ, and for any eigenvector w′ = ℓv, note that

Aw′ = A(ℓv) = ℓ(Av) = ℓ(λv) = λ(ℓv) = λw′

Thus every eigenvector of A has eigenvalue λ. If A is n× n, this means that it has characteristic
polynomial p(t) = (t− λ)n. Furthermore, we have ker(A− λI) = span {v} is one-dimensional,
so λ must have 1 Jordan block and the Jordan form of A must be simply Jn(λ).
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7.6

Determine all invariant subspaces of a linear operator whose Jordan form consists of one block.

Solution.
Let T : V → V be a linear operator with Jordan form Jn(λ). We can then find a basis b1, . . . , bn
of V so that Tb1 = λb1 and Tbi = λbi + bi−1 for 2 ≤ i ≤ n.
(This is precisely the vector space formulation of saying that the matrix representation of T is
the Jordan block Jn(λ))
Note that{

Tb1 = λb1

Tbi = λbi + bi−1

=⇒

{
(T − λI)b1 = 0

(T − λI)bi = bi−1

=⇒

{
(T − λI)n = 0, (T − λI)n−1 ̸= 0

span {b1, . . . , bk} = ker(T − λI)k

Now define
Vk := ker(T − λI)k = span {b1, . . . , bk}

and set V0 = {0}. We claim V0, V1, . . . , Vn = V are all the invariant subspaces of T .

• First, Vk is T -invariant since for any v ∈ Vk = span {b1, . . . , bk},

T (v) = T (α1b1 + α2b2 + · · ·+ αkbk)

= α1T (b1) + α2T (b2) + · · ·+ αkT (bk)

= α1(λb1) + α2(λb2 + b1) + · · ·+ αk(λbk + bk−1) ∈ span {b1, . . . , bk} = Vk

• Next, let W be a nonzero T -invariant subspace and let k > 0 be the smallest number such
that for every w ∈ W we have w = α1b1 + · · · + αkbk, i.e. W ⊂ Vk and W ̸⊂ Vk−1. In
particular there then exists w′ ∈W such that w′ = α1b1+ · · ·+αkbk and αk ̸= 0. However
b1, . . . , bk−1 ∈ ker(T − λI)k−1 means that

(T − λI)k−1w′ = (T − λI)k−1(α1b1 + · · ·+ αkbk) = (T − λI)k−1(αkbk) = αkb1

Furthermore, note for every w ∈W that

(T − λI)w = T (w)− λw ∈W

since T (w) ∈ W by assumption. Thus W is also (T − λI)-invariant, and so we have
(T − λI)k−1w′ = αkb1 ∈W which implies b1 ∈W . A similar process shows (T − λI)k−2w′

is in both W and span {b1, b2}, which independence then forces b2 ∈ W . Continuing
inductively, we get b1, . . . , bk ∈W and so Vk = span {b1, . . . , bk} ⊂W and W = Vk.
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7.7

Is every complex square matrix A such that A2 = A diagonalizable?

Solution.
We claim yes.

Proof.
Let λ be an eigenvalue of A and let v be an eigenvector. Then note

Av = λv =⇒ A(Av) =

{
A(λv) = λ2v

A2v = Av = λv
=⇒ λ2v = λv =⇒ (λ2−λ)v = 0 =⇒ λ(λ−1) = 0

Thus all the eigenvalues of A are either 0 or 1.
Now let v be a generalized eigenvector of A, i.e. (A− λI)kv = 0. By Corollary 4.7.13, it suffices
to show that v is an eigenvector. If k = 1, we are done. Otherwise, k ≥ 2 and we consider cases:

• λ = 0: Then A− λI = A and

0 = Akv = Ak−2(A2v) = Ak−2(Av) = Ak−1v

Repeating (k − 1) times then gives Av = 0 and v is an eigenvector with eigenvalue 0.

• λ = 1: Then A− λI = A− I and

0 = (A− I)kv

= (A− I)k−2(A− I)2v

= (A− I)k−2(A2 − 2A+ I)v

= (A− I)k−2(A− 2A+ I)v

= (A− I)k−2(I −A)v

= −(A− I)k−2(A− I)v

= −(A− I)k−1v

Repeating (k − 1) times then gives (A− I)v = ±0 = 0 and so v is an eigenvector.

Therefore in both cases v is an eigenvector and so A is diagonalizable.
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7.8

Is every complex square matrix A similar to its transpose?

Solution.
We claim yes.

Proof.
Note that

B−1
k Jk(λ)Bk :=

0 . . . 1
... . .

. ...
1 . . . 0


−1


λ 1

λ
. . .

. . . 1
λ


0 . . . 1
... . .

. ...
1 . . . 0

 =


λ

1
. . .

. . . λ
1 λ


i.e. a Jordan block Jk(λ) is similar to its transpose. This means—via using a block matrix with
these Bk’s as blocks—that any matrix in Jordan form

J =

Jk1(λ1) . . .

Jkℓ(λℓ)


must also be similar to its transpose J t, which is a form using Jk(λ)t as its blocks (i.e. what
Artin calls “Jordan form”; in particular note that this justifies our convention from the top of
the chapter to be able to use Artin’s results).

Finally, putting A into Jordan form J is simply a change of basis, so we have J = P−1AP . Then

J t = (P−1AP )t = P tAt(P t)−1

and so At is similar to J t. Combining this all together, we have A similar to J , J similar to J t,
and J t similar to At. Therefore by transitivity A is similar to At.
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7.9

Find a 2× 2 matrix with entries in Fp that has a power equal to the identity and an eigenvalue in
Fp, but is not diagonalizable.

Solution.
Consider the 2× 2 matrix in Fp

J2(1) =

[
1 1
0 1

]
=:

[
1 0
0 1

]
+

[
0 1
0 0

]
= I +N

Then note that via N2 = 0 and binomial expansion we have

J2(1)
p = (I +N)p =

p∑
i=0

(
p

i

)
N iIp−i =

(
p

0

)
I +

(
p

1

)
N + 0 = I + pN

but since we are in Fp we have pN ≡ 0 and so J2(1)p ≡ I.

Furthermore, J2(1) has characteristic polynomial p(t) = (t − 1)2, and thus it has eigen-
value 1 ∈ Fp.

However, by Corollary 4.7.13 J2(1) is not diagonalizable since it is already in Jordan
form and is a 2× 2 block.
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Miscellaneous Problems

M.1

Let v = (a1, . . . , an) be a real row vector. We may form the n! × n matrix M whose rows are
obtained by permuting the entries of v in all possible ways. The rows can be listed in an arbitrary
order. Thus if n = 3, M might be 

a1 a2 a3
a1 a3 a2
a2 a3 a1
a2 a1 a3
a3 a1 a2
a3 a2 a1


Determine the possible ranks that such a matrix could have.

Solution.
Note that each row must have the same sum s := a1 + · · ·+ an. Furthermore, the rank of M is
the same as the rank of M t by Thm 4.2.14 so it suffices to investigate the independence of the
rows of M (or equivalently, work with M t). Consider the collection for any x ∈ R

Wx = {w ∈ Rn | w1 + · · ·+ wn = x}

Note that W0 is an (n− 1)-dimensional subspace, and that imM t ⊂ span {Ws}.
Now we consider cases:

• If v is a constant vector a1 = · · · = an = a for some a ∈ R, then every row of M is simply
v. Thus we have M rank 0 if a = 0 and M rank 1 if a ̸= 0.

• If v is not constant, then we claim that M has rank n− 1 or n. To see this, as v is not
constant and the rows of M contain all permutations of v, there exists ap ̸= aq and rows
r, r′ of M such that we can go from r to r′ by simply swapping ap and aq, e.g.

r = [a1 · · · ap · · · aq · · · an]

r′ = [a1 · · · aq · · · ap · · · an]

However, in this case now we have

r− r′ = [0 · · · ap − aq · · · − (ap − aq) · · · 0] = (ap − aq)[0 · · · 1 · · · − 1 · · · 0]

and then thinking of these rows as vectors in Rn, we can write r − r′ = (ap − aq)(ei − ej)
(if ap is the ith entry of r and the jth entry of r′) and we have{

ap − aq ̸= 0

r, r′ ∈ imM t
=⇒ ei − ej ∈ imM t

But since M contains all permutations of v’s entries, we can find rows r and r′ as above
where the ap and aq are anywhere we would like. More formally, for any i ≠ j we can find
rows r and r′ such that ri = r′j = ap, rj = r′i = aq, and rk = r′k for k ̸= i, j.
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The above reasoning then shows that ei−ej ∈ imM t for any i ≠ j. And since the (ei−ej)’s
generate W0, we have that

W0 ⊂ imM t =⇒ n− 1 = dimW0 ≤ dim(imM t) = rank(M)

Finally, if s = 0, then imM t ⊂ span {Ws} forces imM t =W0 and so M has rank n− 1.
If s ≠ 0, then we have v /∈W0 and thus W0 is a strict subset of imM t and rank(M) > n−1.
But M having n columns forces rank(M) ≤ n, so we must have rank(M) = n.

Therefore the only relevant factors are whether a1 = · · · = an and a1 + · · ·+ an = 0, or in terms
of the ones vector 1 ∈ Rn, whether v = a1 and vt1 = 0. In summary:

• If v = 01, then rank(M) = 0.

• If v = a1 with a ̸= 0, then rank(M) = 1.

• If v ̸= a1 and vt1 = 0, then rank(M) = n− 1.

• If v ̸= a1 and vt1 ̸= 0, then rank(M) = n.

This exhausts all possibilities and therefore are all of the possible ranks of M .
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M.2

Let A be a complex n × n matrix with n distinct eigenvalues λ1, . . . , λn. Assume that λ1 is the
largest eigenvalue, that is, that |λ1| > |λi| for all i > 1.

(a) Prove that for most vectors X, the sequence Xk = λ−k
1 AkX converges to an eigenvector Y with

eigenvalue λ1, and describe precisely what the conditions on X are for this to be true.

(b) Prove the same thing without assuming that the eigenvalues λ1, . . . , λn are distinct.

Solution.

(a) Proof.
Since the eigenvalues are distinct, we can find an eigenbasis b1, . . . , bn (such that Abi = λibi),
so we can write

X = α1b1 + · · ·+ αnbn

Now note each term of our sequence looks like

Xk =
1

λk1
AkX

=
1

λk1
Ak(α1b1 + α2b2 + · · ·+ αnbn)

=
1

λk1
(α1A

kb1 + α2A
kb2 + · · ·+ αnA

kbn)

=
1

λk1
(α1λ

k
1b1 + α2λ

k
2b2 + · · ·+ αnλ

k
nbn)

=
1

λk1
λk1(α1b1 + α2

λk
2

λk
1
b2 + · · ·+ αn

λk
n

λk
1
bn)

= α1b1 + α2(
λ2
λ1
)kb2 + · · ·+ αn(

λn
λ1
)kbn

and for every i > 1 we have

|λ1| > |λi| =⇒
∣∣∣∣λiλ1
∣∣∣∣ < 1 =⇒ lim

k→∞

∣∣∣∣λiλ1
∣∣∣∣k = 0 =⇒ lim

k→∞

(
λi
λ1

)k

= 0

Thus we have Xk → α1b1 as k → ∞, and indeed α1b1 is an eigenvector with eigenvalue λ1
as long as α1 is nonzero. Hence the sequence converges to an eigenvector if α1 ̸= 0.
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(b) Note we still have |λ1| > |λi| for i > 1, so we can put A into Jordan form J = PAP−1 to
look like

J =


λ1

Jk2(µ2)
. . .

Jkℓ(µℓ)


where for each Jordan block, µi ∈ {λ2, . . . , λn}. Now (from P ) we have a basis of generalized
eigenvectors b1, . . . , bn such that b1 is an eigenvector with λ1. We then write

X = α1b1 + · · ·+ αnbn

and can write this as a vector v with respect to our basis b1, . . . , bn and with blocks:

v =


α1

α2

...
αn

 =:


v1
v2
...
vℓ


where each vi is of length ki (and v1 = α1) in order to perform block multiplication with J .
Also note that Jn = PAnP−1, so we have An acting on X is the same as Jn acting on v and

Xn =
1

λn1
AnX =

1

λn1
Jnv =

1

λn1


λn1

Jk2(µ2)
n

. . .

Jkℓ(µℓ)
n



v1
v2
...
vℓ

 =
1

λn1


λn1v1

Jk2(µ2)
nv2

...
Jkℓ(µℓ)

nvℓ


Thus it suffices to show for i > 1 that λ−n

1 Jki(µi)
nvi → 0 as n → ∞, i.e. work each block

separately. Choose i > 1 and, to clean up notation, set µ := µi and Jki(µi) =: Jk(µ) = µI+N .
If µ = 0 then we are done as Jk(0) = N is nilpotent. Otherwise, we have via binomial
expansion

λ−n
1 Jk(µ)

n =
1

λn1
(µI +N)n =

1

λn1

n∑
j=0

(
n

j

)
µn−jN j

(⋆)
=

1

λn1

k∑
j=0

(
n

j

)
µn−jN j

=

k∑
j=0

(
n

j

)
µ−j

(
µ

λ1

)n

N j

where (⋆) follows from N j = 0 for j ≥ k (the size of our Jordan block Jk(µ)), and since we
are sending n→ ∞ we may assume that n ≥ k and so our sum is finite. Note that

|λ1| > |µ| =⇒
∣∣∣∣ µλ1
∣∣∣∣ < 1 =⇒ lim

n→∞

∣∣∣∣ µλ1
∣∣∣∣n = 0 =⇒ lim

n→∞

(
µ

λ1

)n

= 0
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and since
(
n
j

)
is a polynomial in n of degree j while (µ/λ1)

n is exponential, we have that

lim
n→∞

(
n

j

)(
µ

λ1

)n

= 0

Thus

lim
n→∞

λ−n
1 Jk(µ)

n = lim
n→∞

k∑
j=0

(
n

j

)
µ−j

(
µ

λ1

)n

N j =

k∑
j=0

µ−j0N j = 0

and λ−n
1 Jki(µi)

nvi → 0 as n→ ∞. Therefore

lim
n→∞

Xn = lim
n→∞

1

λn1


λn1v1

Jk2(µ2)
nv2

...
Jkℓ(µℓ)

nvℓ

 =


v1
0
...
0

 = α1b1 + 0b2 + · · ·+ 0bn

and Xn → α1b1 as n→ ∞, which is an eigenvector with eigenvalue λ1 for α1 ̸= 0.
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M.3

Compute the largest eigenvalue of the matrix
[
3 1
3 4

]
to three-place accuracy, using a method based

on Exercise M.2.

Solution.
Note that the sequence in Exercise M.2 of Xk = λ−k

1 AkX requires knowledge of the largest
eigenvalue λ1. However, the sequence Yk = AkX = AYk−1 will still tend towards the direction
of an eigenvector, but also increase/decrease in magnitude exponentially depending on whether
|λ1| is greater/less than 1. Hence if we keep normalizing the vector after multiplying by A, we
will tend towards a unit eigenvector Z with eigenvalue λ1. Our complete method then is to first
choose an arbitrary vector Z0 and then compute the sequence of vectors

Zk =
AZk−1

∥AZk−1∥

Now note that

Zk
k→∞−→ Z =⇒ ∥AZk∥

k→∞−→ ∥AZ∥ = ∥λ1Z∥ = |λ1|∥Z∥ = |λ1|

For our example, we have A =

[
3 1
3 4

]
and we choose Z0 =

[
1
0

]
.

Now with the help of a Python program we compute

∥AZ0∥ ≈ 4.2426

∥AZ1∥ ≈ 5.7008

∥AZ2∥ ≈ 5.4926

∥AZ3∥ ≈ 5.3675

∥AZ4∥ ≈ 5.3238

∥AZ5∥ ≈ 5.3095

∥AZ6∥ ≈ 5.3049

∥AZ7∥ ≈ 5.3034

∥AZ8∥ ≈ 5.3029

∥AZ9∥ ≈ 5.3027

∥AZ10∥ ≈ 5.3027

Thus after the fourth decimal place stabilizes, we can confirm the first three decimal places are
correct and so |λ1| ≈ 5.3027. Indeed, solving the characteristic polynomial directly gives

λ1 =
7 +

√
13

2
≈ 5.30277538
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M.4

If X = (x1, x2, . . . ) is an infinite real row vector and A = (aij), 0 < i, j < ∞ is an infinite real
matrix, one may or may not be able to define the matrix product XA. For which A can one define
right multiplication on the space R∞ of all infinite row vectors? On the space

Z = {(a) ∈ R∞ | an = 0 for all but finitely many n}?

Solution.
We can define XA for all X ∈ R∞ as long as each column of A has finitely-many nonzero entries,
and we can define XA for all X ∈ Z for any A.
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M.5

Let φ : Fn → Fm be left multiplication by an m× n matrix A.

(a) Prove that the following are equivalent:

• A has a right inverse, a matrix B such that AB = I.
• φ is surjective.
• The rank of A is m.

(b) Prove that the following are equivalent:

• A has a left inverse, a matrix B such that BA = I.
• φ is injective.
• The rank of A is n.

Solution.

(a) Proof.
(1) =⇒ (2): Suppose that AB = I. Then for any y ∈ Fm, we have

φ(By) = A(By) = (AB)y = Iy = y =⇒ y ∈ imφ

and thus φ is surjective.

(2) =⇒ (3): Suppose that φ is surjective. Then imφ = Fm and

rank(A) = dim(imA) = dim(imφ) = dim(Fm) = m

(3) =⇒ (1): Suppose that rank(A) = m. Then imA ⊂ Fm and dim(imA) = dim(Fm) = m
forces imA = Fm by Prop 3.4.23. Hence for every standard basis vector ei ∈ Fm, there
exists bi ∈ Fn such that Abi = ei. Setting B := [b1 . . . bm],

AB = A[b1 . . . bm] = [Ab1 . . . Abm] = [e1 . . . em] = I

and A has a right inverse.

(b) Proof.
Define ψ : Fm → Fn by ψ(y) = Aty. Then note

A has a left inverse ⇐⇒ BA = I ⇐⇒ AtBt = I ⇐⇒ At has a right inverse

and

φ is injective ⇐⇒ null(A) = {0} (⋆)⇐⇒ rank(At) = n ⇐⇒ im(At) = Fn ⇐⇒ ψ surjective

and
rank(A) = n ⇐⇒ rank(At) = n

Therefore the equivalence follows from (a) applied to the rightmost statements above.
To elaborate on (⋆), it follows from the dimension formula that n = rank(A) + nullity(A), so

null(A) = {0} ⇐⇒ nullity(A) = 0 ⇐⇒ rank(At) = rank(A) = n
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M.6

Without using the characteristic polynomial, prove that a linear operator on a vector space of
dimension n can have at most n distinct eigenvalues.

Solution.

Proof.
Suppose otherwise, i.e. there exists a linear operator T : V → V with dimV = n such that T has
distinct eigenvectors λ1, . . . , λr for r > n. Then if v1, . . . , vr ∈ V are corresponding eigenvectors,
by Prop 4.6.5 we have that v1, . . . , vr are linearly independent. However, if we take a basis
b1, . . . , bn of V , then

r = |{v1, . . . , vr}| > |{b1, . . . , bn}| = n

which contradicts Prop 3.4.21(c). Therefore every linear operator T : V → V can have at most
n distinct eigenvalues.
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M.7

Let T be a linear operator on a vector space V . Let Kr and Wr denote the kernel and image,
respectively, of T r.

(a) Show that K1 ⊂ K2 ⊂ . . . and that W1 ⊃W2 ⊃ . . . .

(b) The following conditions might or might not hold for a particular value of r:

(1) Kr = Kr+1, (2) Wr =Wr+1, (3) Wr ∩K1 = {0}, (4) W1 +Kr = V

Find all implications among the conditions (1)–(4) when V is finite-dimensional.

(c) Do the same thing when V is infinite-dimensional.

Solution.

(a) Proof.
Choose v ∈ Kr. Then T r(v) = 0 and

T r+1(v) = T (T r(v)) = T (0) = 0 =⇒ v ∈ Kr+1

Thus Kr ⊂ Kr+1.
Now choose w ∈Wr. Then we have T r(v) = w for some v ∈ V . Note that

T r−1(T (v)) = T r(v) = w =⇒ w ∈Wr−1

Thus Wr ⊃Wr−1.
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(b) Let dimV = n. We claim all four conditions are equivalent.

Proof.
(1) ⇐⇒ (2): For any r, T r : V → V is a linear operator and so by rank-nullity we have

dimKr + dimWr = n (⋆)

Then we have equivalences

Kr = Kr+1 ⇐⇒ dimKr = dimKr+1

(⋆)⇐⇒ (n− dimWr) = (n− dimWr+1)

⇐⇒ dimWr = dimWr+1

(†)⇐⇒ Wr =Wr+1

where (†) comes from (a) and Prop 3.4.23. Thus we have (1) ⇐⇒ (2).

(1) =⇒ (3): Suppose that Kr = Kr+1. Choose w ∈ Wr ∩ K1. Then T (w) = 0
and there exists v ∈ V such that T r(v) = w. Now note

T r+1(v) = T (T r(v)) = T (w) = 0 =⇒ v ∈ Kr+1 = Kr =⇒ w = T r(v) = 0

Thus Wr ∩K1 = {0}.

(3) =⇒ (4): Suppose that Wr ∩K1 = {0}. Choose w ∈ Wr ∩Kr. Then T r(w) = 0 and
there exists v ∈ V such that T r(v) = w. Now{

T (T r−1(w)) = T r(w) = 0

T r(T r−1(v)) = T r−1(T r(v)) = T r−1(w)
=⇒ T r−1(w) ∈Wr ∩K1 = {0}

=⇒ T r−1(w) = 0

=⇒ w ∈Wr ∩Kr−1

The same argument shows w ∈Wr ∩Kr−2 and so inductively we have

w ∈Wr ∩K1 = {0} =⇒ w = 0 =⇒ Wr ∩Kr = {0}

Thus by Prop 3.6.6(a),

n
(⋆)
= dimWr + dimKr = dim(Wr ∩Kr) + dim(Wr +Kr) = 0 + dim(Wr +Kr)

and since Wr ⊂W1,

Wr +Kr ⊂W1 +Kr ⊂ V =⇒ n = dim(Wr +Kr) ≤ dim(W1 +Kr) ≤ dim(V ) = n

=⇒ dim(W1 +Kr) = n

and finally by Prop 3.4.23 we have W1 +Kr = V .

(4) =⇒ (2): Suppose that W1+Kr = V . Then it suffices to show that Wr ⊂Wr+1. Choose
w ∈ Wr, i.e. w = T r(v) for some v ∈ V = W1 +Kr. Then there exists T (v′) ∈ W1 and
v′′ ∈ Kr such that v = T (v′) + v′′. Now note

w = T r(v) = T r(T (v′) + v′′) = T r(T (v′)) + T r(v′′) = T r+1(v′) + 0 =⇒ w ∈Wr+1

Hence Wr ⊂Wr+1.
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(c) We claim (1) ⇐⇒ (3) and (2) ⇐⇒ (4) are the only implications.

Proof.
(1) =⇒ (3): See proof in (b).
(3) =⇒ (1): Suppose that Wr ∩K1 = {0}. Assume that Kr ̸= Kr+1. As Kr ⊂ Kr+1, this
means that there exists v ∈ Kr+1 such that v /∈ Kr. But now for w = T r(v) ∈Wr, note

T (w) = T (T r(v)) = T r+1(v) = 0 =⇒ w ∈ K1 ∩Wr = {0} =⇒ w = T r(v) = 0

Hence v ∈ Kr, which is a contradiction and so Kr = Kr+1.

(2) =⇒ (4): Suppose that Wr =Wr+1. Choose v ∈ V . Note that T r(v) ∈Wr =Wr+1, so
there exists v′ ∈ V such that T r+1(v′) = T r(v). Now

T r+1(v′) = T r(v) =⇒ 0 = T r(v − T (v′)) =⇒ (v − T (v′)) ∈ Kr

and since T (v′) ∈W1, we have

v = T (v′) + (v − T (v′)) ∈W1 +Kr

Thus V =W1 +Kr.
(4) =⇒ (2): See proof in (b).

Finally, it suffices to show (1) ≠⇒ (2) and (2) ≠⇒ (1):
(1) ≠⇒ (2): Consider the right-shift operator

R : R∞ → R∞, (a1, a2, a3, . . . , ) 7→ (0, a1, a2, . . . , )

Note that K1 = K2 = {0}, so (1) holds for r = 1. However, (2) fails since

W1 = {(0, a2, a3, . . . , )} ̸= {(0, 0, a3, . . . , )} =W2

(2) ≠⇒ (1): Consider the left-shift operator

L : R∞ → R∞, (a1, a2, a3, . . . , ) 7→ (a2, a3, . . . , )

Note that W1 =W2 = R∞, so (2) holds for r = 1. However, (1) fails since

K1 = {(a1, 0, 0, . . . , )} ̸= {(a1, a2, 0, . . . , )} = K2
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M.8

Let T be a linear operator on a finite-dimensional complex vector space V .

(a) Let λ be an eigenvalue of T , and let Vλ be the set of generalized eigenvectors, together with the
zero vector. Prove that Vλ is a T -invariant subspace of V . (This subspace is called a generalized
eigenspace.)

(b) Prove that V is the direct sum of its generalized eigenspaces.

Solution.

(a) Proof.
Let C = T − λI. Then from Exercise M.7(a) we have

kerC ⊂ kerC2 ⊂ . . .

and since V is finite-dimensional, this chain must stabilize eventually, i.e. kerCk = kerCk+1

for some k. Thus

Vλ = {v ∈ V | Ci(v) = 0 for some i = 1, 2, . . . } =
⋃
i≥1

kerCi = kerCk

and so Vλ is a subspace. Also note for any v ∈ V that

C(T (v)) = T 2(v)− λT (v) = T ((T − λI)(v)) = T (C(v))

Thus C and T commute. Now choose v ∈ Vλ, i.e. (T − λI)k(v) = Ck(v) = 0. Then

Ck(T (v)) = T (Ck(v)) = T (0) = 0 =⇒ T (v) ∈ Vλ

Thus Vλ is T -invariant.
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(b) Proof.
We induct on n := dimV .
If n = 0, no generalized eigenvectors exist and the result holds vacuously.

Now assume the result holds for all complex vector spaces of dimension < n.
Since V is a vector space over C, T has an eigenvalue λ and Vλ ̸= {0}. Then from the proof
of (a), there exists k such that ker(T − λI)k = ker(T − λI)k+1. Now we have

Vλ = ker(T − λI)k and W := im(T − λI)k

Then from Exercise M.7(b) and its proof,

ker(T − λI)k = ker(T − λI)k+1 =⇒ Vλ ∩ im(T − λI) = {0} =⇒ Vλ ∩W = {0}

and by rank-nullity
n = dimV = dimVλ + dimW

Thus

dim(Vλ +W ) = (dimVλ + dimW )− dim(Vλ ∩W ) = n− 0 = n =⇒ Vλ +W = V

and so by Prop 3.6.6(c) we have V = Vλ ⊕W .
Furthermore, if W = {0} then we are done. Otherwise, note

(T − λI)k(v) ∈W =⇒ T ((T − λI)k(v)) = (T − λI)k(T (v)) ∈W

i.e. W is T -invariant and

Vλ ̸= {0} =⇒ dimVλ > 0 =⇒ dimW = n− dimVλ < n

Thus the IH holds for T |W :W →W and we can write

W =Wµ1 ⊕ · · · ⊕Wµr

We now need to show

• The distinct eigenvalues of T are λ, µ1, . . . , µr: First, for distinctness note that if λ = µi,
then there exists nonzero w ∈W such that

T (w) = T |W (w) = µiw = λw =⇒ w ∈ Vλ =⇒ w ∈ Vλ ∩W = {0}

which is a contradiction. Next, every eigenvalue of T |W is an eigenvalue of T , so we
need to show that all of the eigenvalues of T are in the list above. Let µ ̸= λ be an
eigenvalue of T , i.e. T (v) = µv. We can write v = v′ + w for v′ ∈ Vλ and w ∈W . Now
note

Vλ and W are T -invariant =⇒ Vλ and W are (T − µI)-invariant
=⇒ (T − µI)v′ ∈ Vλ and (T − µI)w ∈W

so we have
0 = (T − µI)v = (T − µI)v′ + (T − µI)w ∈ Vλ +W
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which by independence forces (T − µI)v′ = (T − µI)w = 0. Specifically, Tv′ = µv′

and more generally for any polynomial p(x), we have that p(T )v′ = p(µ)v′ (e.g.
(T 2 − T + I)(v′) = µ2v′ − µv′ + v′). Hence for the polynomial p(x) = (x− λ)k, we have
p(T ) = (T − λI)k and p(µ) = (µ− λ)k. But

v′ ∈ Vλ =⇒ 0 = (T − λI)kv′ = p(T )v′ = p(µ)v′ = (µ− λ)kv′

and µ ≠ λ forces v′ = 0. Thus v = w ∈ W and so v is an eigenvector of TW with
eigenvalue µ, i.e. µ = µi for some i.

• Each Wµi is a generalized eigenspace of V : We have Wµi ⊂ Vµi , so choose v ∈ Vµi , i.e.
(T − µiI)

ℓv = 0. By the same argument as above, we can write v = v′ + w for v′ ∈ Vλ
and w ∈W and

0 = (T − µiI)
ℓv = (T − µiI)

ℓv′ + (T − µiI)
ℓw ∈ Vλ +W =⇒ (T − µiI)

ℓv′ = 0

=⇒ v′ = 0

=⇒ v = w ∈W

=⇒ (T |W − µiI)
ℓv = 0

=⇒ v ∈ ker(T |W − µiI)
ℓ

=⇒ v ∈Wµi

Thus Wµi = Vµi .

Therefore we have

V = Vλ ⊕W = Vλ ⊕ (Wµ1 ⊕ · · · ⊕Wµr) = Vλ ⊕ (Vµ1 ⊕ · · · ⊕ Vµr) = Vλ ⊕ Vµ1 ⊕ · · · ⊕ Vµr

and V is the direct sum of its generalized eigenspaces.
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M.9

Let V be a finite-dimensional vector space. A linear operator T : V → V is called a projection if
T 2 = T (not necessarily an “orthogonal projection”). Let K and W be the kernel and image of a
linear operator T . Prove

(a) T is a projection onto W if and only if the restriction of T to W is the identity map.

(b) If T is a projection, then V is the direct sum W ⊕K.

(c) The trace of a projection is equal to its rank.

Solution.

(a) Proof.
=⇒ : Suppose T is a projection onto W . Now choose w ∈W . Then there exists v ∈ V such
that T (v) = w. Now

T |W (w) = T (w) = T (T (v)) = T 2(v) = T (v) = w

Thus T |W = I.

⇐= : Suppose that T |W = I. Now choose v ∈ V . Then

T (v) ∈W =⇒ T 2(v) = T (T (v)) = T |W (T (v)) = I(T (v)) = T (v)

Thus T 2 = T and T is a projection onto W .

(b) Proof.
Let T be a projection. Then

imT 2 = imT
(⋆)
=⇒ imT∩kerT = {0} and imT+kerT = V

(†)
=⇒ V = imT⊕kerT =W⊕K

where (⋆) is via Exercise M.7(b) and (†) is via Prop 3.6.6(c).

(c) Proof.
Let w1, . . . , wm be a basis of W and k1, . . . , kℓ be a basis of K. From (b), this means that
w1, . . . , wm, k1, . . . , kℓ forms a basis of V . If we write wi = T (vi) for vi ∈ V , then note

T (wi) = T (T (vi)) = T 2(vi) = T (vi) = wi = 0w1 + · · ·+ 1wi + · · ·+ 0wm + 0k1 + · · ·+ 0kℓ

and
T (ki) = 0 = 0w1 + · · ·+ 0wi + · · ·+ 0wm + 0k1 + · · ·+ 0kℓ

Thus the matrix representation of T with respect to this basis is

1
1

. . .

1
0

. . .

0


and therefore trT = m = dimW = dim imT = rankT .
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M.10

Let A and B be m× n and n×m real matrices.

(a) Prove that if λ is a nonzero eigenvalue of the m×m matrix AB then it is also an eigenvalue of
the n× n matrix BA. Show by example that this need not be true if λ = 0.

(b) Prove that Im −AB is invertible if and only if In −BA is invertible.

Solution.

(a) Proof.
Let λ be a nonzero eigenvalue of AB and let v be an eigenvector, i.e. v ̸= 0 and ABv = λv.
Note that if Bv is zero, then

Bv = 0 =⇒ ABv = 0 =⇒ λv = 0

which is a contradiction since λ and v are both assumed to be nonzero. Hence Bv ≠ 0. Then

BA(Bv) = B(ABv) = B(λv) = λBv

and Bv is an eigenvector of BA with eigenvalue λ.

For a counterexample, consider

A =

[
1
0

]
and B =

[
1 0

]
Then note

ABe2 =

[
1
0

] [
1 0

] [0
1

]
=

[
1 0
0 0

] [
0
1

]
=

[
0
0

]
= 0e2

so 0 is an eigenvalue of AB. However,

BA =
[
1 0

] [1
0

]
= [1]

and so 0 is not an eigenvalue of BA.

(b) Proof.
Note that det(Im − AB) = 0 if and only if 1 is an eigenvalue of AB. Furthermore, the
result in (a) is an if and only if simply by making the symmetric argument for the reverse.
Therefore

det(Im −AB) ̸= 0 ⇐⇒ 1 not eigenvalue of AB
(a)⇐⇒ 1 not eigenvalue of BA
⇐⇒ det(In −BA) ̸= 0

i.e. Im −AB is invertible if and only if In −BA is invertible.
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